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Abstract

We develop a stylized model of horizontal and vertical competition in tournaments with two
competing �rms. The sponsor cares about the quality of the design but also about the design
location. A priori not even the sponsor knows his preferred design location, which is only discov-
ered once he has seen the actual proposals. We show that the more e�cient �rm is more likely
to be conservative when choosing the design location. Also, to get some di�erentiation in design
locations, the cost di�erence between contestants can neither be too small nor too big. Therefore,
if the sponsor mainly cares about the design location, participation in the tournaments by the
two lowest cost contestants cannot be optimal for the sponsor.

Keywords: Horizontal and Vertical Competition, Tournaments.

JEL classi�cation numbers: D44, D72, J31, L13.
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1 Introduction

Tournaments are games in which players spend resources in order to win a prize. Tourna-

ments are extensively used as allocation mechanisms, since they are easy to implement; only the

relative performance of the participants has to be evaluated, which is usually less demanding than

measuring the absolute performance. For example, tournaments are used in sports competitions

and in procurement processes.1 Promotion in labor markets, R&D races and lobbying are often

disguised tournaments. So-called contests of ideas are also tournaments that are used to promote

the generation of new ideas in particular in architecture, mechanical engineering, civil, transport

and plant engineering, in animation and freeform/artistic expression.

The economic literature on tournaments is vast and has studied many relevant aspects like

one prize versus multiple prizes,2 complete information and incomplete information scenarios.3

Tournaments are usually modelled as games in which players maximize their expected pro�t by

choosing a costly e�ort level which positively inuences their probability of winning the prize.

However, there are tournaments in which the decision of participants has several dimensions: the

amount of e�ort (or design quality) as well as the type of e�ort (or design location). The following

examples illustrate what we mean by these dimensions.

Example 1 The tournament used by the Florentine Republic to choose the design of the second

doors of the baptistery of the Duomo.

This competition was announced in 1401 and artists were required to design a panel repre-

senting the sacri�ce of Isaac. Some of the �nest sculptors in Florence took part in the contest.

They were seven in total, among them the two �nalists Filippo Brunelleschi and Lorenzo Ghiberti.

The panels of the two �nalists were considered equally good. While the interpretation of Ghiberti

1Fullerton and McAfee (1999) provide several examples of procurement processes that have been carried out
using tournaments. See Fullerton and McAfee (1999) for details.

2Most papers study tournaments with a single prize (e.g. Tullock (1980), Wright (1983), Dixit (1987), Baye et al
(1993) and (1996), Amann and Leiniger (1996), Fullerton and McAfee (1999), Lizzeri and Perisco (2000)). Glazer
and Hassin (1988) and Moldovanu and Sela (2001) study a contest with multiple prizes.

3Complete information scenaries are among others: Tullock (1980), Dixit (1987), Glazer and Hassin (1988) and
Baye et al (1993) and (1996). Amann and Leiniger (1996) and Lizzeri and Perisco (2000) study all-pay auctions
with incomplete information.
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was still partly Gothic in style and hence fairly conservative for his time, Brunelleschi presented

a more modern neoclassical design. Ghiberti's design won, not on the basis of quality but simply

because it was easier to understand. Ghiberti's victory was a pure matter of taste.4 The two

designs were horizontally di�erentiated, and it was this horizontal competition that was decisive

in choosing the winner.

While working on their respective designs, the artists had to take two decisions, namely, (i)

how to represent the sacri�ce of Isaac and (ii) how much e�ort to put into this representation.

Compared to the decision which interpretation to adopt the e�ort decision is costly and determines

the �nal quality of the design. We therefore refer to the �rst decision as horizontal competition

(the type of e�ort chosen) and to the competition in e�ort levels (quality) as vertical competition

(the amount of e�ort).

Example 2 The competition held to determine the reconstruction of the so-called "Zone 0" in

New York.

The winner of this contest, Daniel Libeskind, managed to capture the heart of the families of

the victims of September 11 and to touch the sentimental �ber of the jury: "His vision has brought

hope and inspiration to a city that is still recovering from a terrible tragedy". On the other hand,

the project of his closest competitor, Vi~noly of the group THINK, provoked to some people the

impression of being "two skeletons in the sky."5 The type and not only the quality of the design

was decisive in determining the winner.

Example 2 nicely illustrates another important aspect of many contests of ideas. These contests

are normally used to generate ideas, i.e. in situations where the sponsor does not really know

what he wants. In architectural competitions the sponsor usually knows the type of building he

wants - in our example a skyscraper replacing the World Trade Center -; he also knows that he

4The two panels they presented for the competition are now exhibited beside each other in the Museum of
the Bargello. (See http//www.mega.it/eng/egui/monu/bo.htm). We thank Ignacio Conde Ruiz for sharing his
knowledge in history of arts with us.

5For more details see http://www.spiked-online.com/Printable/00000006DCB7.htm
(article on the contest to reconstruct Zone 0 published in Spiked Culture: 7th March 2003)
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wants good quality: a skyscraper that can withstand all potential safety threats. However, a

priori the sponsor has no clear idea which type of design he would like most, simply because he

cannot even imagine all possible types of design. He needs the actual design proposals to learn his

ex post preferences. Only after seeing Vi~noly's and Libeskind's projects the sponsors had a clear

idea about the appropriate design for Zone 0: the project had to have the right balance between

reminding the horrors of September 11th and representing hope for the future. It was the task of

the architects to give meaning to the idea of the right balance.

Example 3 The dream of the blue laser diode.

For two decades researchers working for the biggest players in the electronics industry like,

RCA, Hewlett-Packard, Matsushita and Sony, tried their hands at the blue laser diode (LEDs)

but failed. The blue laser was the ultimate dream in laser technology; blue light has the shortest

wavelength of visible light and could quadruple the amount of data on a compact disc, CD or DVD.

In 1989 there were two materials for making blue LEDs: zinc selenide and gallium nitride. A

priori zinc selenide seemed superior to gallium nitride because of its better crystal quality. Zinc

selenide has by far less defects which is crucial for developing a reliable LED. Therefore, all big

�rms used this material in their race for the LED. Nakumara, a self-described country boy, working

for a small �rm, Nichia Chemical Industries, tried to develop LEDs with gallium nitride and was

the one to succeed.

Example 3 is of a di�erent nature than the former examples: the sponsor knows what he

wants: the blue laser diode, but nobody knows how to get there. The competitors in the contest

had to choose what type of research to perform as well as the e�ort level. In this case, the chosen

path (type of e�ort) was decisive. Horizontal di�erentiation mattered.

The aim of this paper is to study a tournament in which the contest success function depends

both on the e�ort exerted by the participants (vertical competition) and on the type of design

/ e�ort chosen by the participants (horizontal competition). We present a very stylized model

in which contest participants face some uncertainty concerning the type of e�ort / design that

matches the sponsor's preferences. This uncertainty can be made consistent with the above
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examples: on the one hand, the sponsor might not exactly know what he wants - as in our

examples 1 and 2; on the other hand, the uncertainty does not have to be about the �nal product,

but about which research path to take as in our example about the blue laser diode.

We do not attempt to build a general model of vertical and horizontal competition in tour-

naments, but use the simplest possible model with only two possible design locations and two

competing �rms to show that some degree of horizontal competition in a classical model of tour-

naments can lead to qualitatively di�erent results. In particular, it can change known results

about optimal entry.

A well established result in tournaments is that limiting entry can be an optimal strategy

for two reasons: on the one hand, limiting entry can rise the e�ort level of contestants, since it

increases their probability of winning. On the other hand, it reduces costs; fewer o�ers have to

be evaluated. Nalebu� and Stiglitz (1983) show that the overall e�ort in a labor contract can be

decreasing in the number of workers participating in the contest. Taylor (1995) proves a similar

result for research tournaments with homogenous contestants. Fullerton and McAfee (1999) study

a research tournaments with heterogenous contestants and conclude that the optimal number of

contestants is two, and that these two contestants have to be the lowest cost contestants. In this

paper we show that Fullerton and McAfee's (1999) result may not be robust to the introduction

of horizontal competition. In our model, in which the number of contestants is restricted to two,

it might be bene�cial for the sponsor if the contestants are di�erentiated in costs. If the two

participants have similar costs (for example, if they were the lowest cost �rms in the industry),

they choose similar designs, too. But if the sponsor mainly cares about the type of design, it is

worthy for him to get the lowest cost �rm and a �rm with high enough costs to compete in the

contest. In this way, the less e�cient contestant is willing to choose a di�erent design location

than the design chosen by the more e�cient �rm, and the sponsor has a higher probability to get

a good match between one of the actual design proposals with his preferred design location.

While limiting the number of possible designs to two is obviously a restriction of our model,

we are con�dent that a more general model would also modify standard results about optimal
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entry in tournaments. There is a very intuitive reason for this, which the present model does not

capture. Increasing the number of participants, increases the number of proposals and diversity

can have some value in a horizontal competition framework, especially in situations where design

proposals help the sponsor to learn his ex post preferences or where there are several possible

research paths to be taken.

A second result of the paper is that the more e�cient contestant is more likely to choose the

design with the higher ex ante probability for being the sponsor's preferred design. We call this

design the conservative design and label the other design as radical. This result nicely �ts two of

our motivating examples: In the contest held by the Florentine Republic for the second doors of

the baptistery Brunelleschi, the younger and less known artist, chose a more innovative design.

In the race for the blue laser diode, the winner, Nakamura, who worked for a small �rm, chose to

work with an a priori worse material. His justi�cation of this choice is perfectly consistent with

our model: In his own words:

\At that time, in 1989, there were two materials for making blue LEDs: zinc

selenide and gallium nitride. These had the right band gap energy for blue lasers.

But everybody was working on zinc selenide because that was supposed to be much

better. I thought about my past experience: if there is a lot of competition, I cannot

win. Only a small number of people at a few universities were working with gallium

nitride so I �gured I'd better work with that."

This result is also very much in line with those derived by Prendergast and Stole (1996)

and Cabral (1999) in very di�erent (and dynamic) models. Prendergast and Stole (1996) show

that youngsters who have no reputation to defend are more impetuous than old-timers who have

to worry about the information that their new decision reveals concerning their past decisions.

Cabral (1999) studies the important issue in which situation to choose an R&D project with

a high variance versus a project with a low variance. He shows that the laggard has nothing

to loose, i.e. the follower chooses a riskier project than the leader. In Cabral's paper R&D

competitors only have one choice variable - the variance of the R&D project - while in our model
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competitors have to make two choices: the type of R&D project and the amount of e�ort they

will dedicate to the project. Moreover, in Cabral's model the expected payo� of both projects is

the same; they only di�er in their degree of riskiness, the variance. In our model one R&D path

is a priori clearly superior to the other since the probability of success is higher. Nevertheless,

the ine�cient competitor might choose this dominated R&D path to avoid too �erce competition

in e�ort levels. Also, unlike in Cabral (1999) in our model it is not always the ine�cient �rm

that is impetuous/radical. If �rms are not too di�erent and the sponsor is not very likely to be

conservative, multiple equilibria exist: it might be the e�cient �rm that chooses the radical design

while the ine�cient �rm is more conservative.

The remainder of the paper is organized as follows. In Section 2 the model is introduced while

Section 3 solves the second stage of the model: the e�ort decision. In Section 4 we solve the �rst

stage of the model and present the main results of the paper. Section 5 discusses the scope and

implications of the model and presents conclusions. It also discusses the robustness of the results.

All proofs as well as the robustness results are relegated to a technical appendix.

2 The model

Consider a sponsor (administration) who wants to undertake a public project but does not

have a clear idea about the design of the project. To learn about possible designs, the sponsor

organizes a contest of ideas. Two risk neutral �rms, �rm 1 and �rm 2, compete in the contest.

The rules of the contest are simple: �rst the sponsor announces the prize P for the winner of the

contest. Then participants submit design proposals and �nally the sponsor selects a design and

thereby the winner of the contest.

We assume that the design competition has two dimensions: location of the design d and e�ort

in developing the design e. We restrict the space of design locations to only two possible design

locations: conservative (C), and radical (R). Location captures the type of design. A conservative

design is a design that is more likely to be the preferred design of the sponsor, since for example it

is close to one that won in a previous contest or since it is the current fashion; by radical designs
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we mean \vanguard" designs that are less likely close to the sponsor's preferences. The e�ort is

a variable related to the quality of the design. The bigger the e�ort of the �rm, the higher the

expected quality of the design, where quality is an index whether or not a given design is well

done: some conservative (radical) designs might be better than others.

Each �rm has to choose �rst the design location di and then the amount of e�ort ei it puts

into developing the chosen type of design. The quality of the chosen design is linked to the �rm's

e�ort, but the relation between e�ort and actual produced quality is not deterministic. The bigger

the e�ort of the �rm is, the higher is the expected but not necessarily the actual quality of the

design produced by this �rm. There is no cost associated to choosing the design location. The

cost of e�ort for �rm i is ciei. Without loss of generality we assume that �rm 1 is more e�cient

than �rm 2, i.e., c2 � c1.

The sponsor cares about the type of design and its quality. On the one hand, he wants to

maximize the quality of the design location. On the other hand he wants to minimize the distance

between the project design and his preferred design location. A priori the sponsor and the �rms

face some uncertainty about this preferred design location. With probability � > 0:5 the sponsor

prefers the conservative design while with probability 1 � � he prefers the radical design. Once

the sponsor sees the actual design proposals this uncertainty is resolved and the sponsor learns

his preferred design location.

We do not state the exact form of the preferences of the sponsor but use the following contest

success function instead which can be seen as a reduced form of the sponsor's maximization

problem. The contest success function tells us the probability that �rm i wins the contest given

that it had submitted a design (di; ei).

pi(di; ei; dj ; ej ; dp; �) =

( ei
ei+ej

if di = dj

(1� �) ei
ei+ej

+ �hi(di; dj ; dp) if di 6= dj

where hi is the comparative advantage of �rm i due to horizontal competition

hi(di; dj ; dp) =

(
1 if di 6= dj and di = dp
0 Otherwise

and � 2 [0; 1] is a measure of the transportation cost. We can interpret � as the relative weight
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given to the design location with respect to quality in the sponsor's preferences. This contest

success function captures both aims of the sponsor (to maximize quality and to get as close as

possible to his preferred design location) and his initial uncertainty about his preferred design

location.

The contest success function also captures the stochastic production of quality by �rms. Notice

that for � = 0 this contest success function coincides with the standard contest success function

introduced by Tullock (1980).6

The timing of the model is the following:

1. Nature choose the distribution of the preferences of the sponsor de�ned by � and the mar-

ginal cost ci of e�ort for each �rm i. This becomes common knowledge.

2. The sponsor announces the contest and the prize P for the winning �rm.

3. The competing �rms choose simultaneously the design location di.

4. The �rms choose simultaneously the e�ort level ei to develop the chosen type of design.

5. The sponsor's preferred design is determined by nature.

6. The winning �rm is determined by nature according to the design proposals and the contest

success function.

The game is solved by backward induction. All the proofs are relegated to the appendix.

3 The effort decision

When choosing how much e�ort to put into developing their design, �rms already know the

design locations which were chosen. The di�erent situations that the �rms can face, can be

summarized by the following two main cases:

6Fullerton and McAfee (1999) have shown that Tullock's contest success function can be derived from the
following model of quality production: the choice of ei determines the number of identical and independent draws
from some arbitrary distribution function over the interval [0; 1]. The resulting quality of these draws is the
maximum of these random draws.
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1. If both �rms chose the same design, namely (C;C) or (R;R), the e�ort in developing the

design will be decisive, since no �rm has a locational advantage with respect to the other

and the contest success function only depends on e�ort levels. Each �rm's problem becomes

max
ei
[Edp fpi(di; ei; dj ; ej ; dp; �)P � cieijdi = djg]

= max
ei
[
ei

ei + ej
P � cieijdi = dj ]

It is now easy to show, that the solution to this Nash game is characterized by the following

�rst order conditions:

Pe2
(e1 + e2)2

� c1 = 0

Pe1
(e1 + e2)2

� c2 = 0:

Therefore �rms' optimal e�ort levels are:

e1 =
Pc2

(c1 + c2)2

e2 =
Pc1

(c1 + c2)2
:

In this case the �rm with lower costs makes the higher e�ort and has a bigger chance to be

the winner of the contest. The expected pro�ts of the �rms are:

�1(C;C) = �1(R;R) =
Pc2

(c1 + c2)
� Pc2c1
(c1 + c2)2

=
Pc22

(c1 + c2)2
= P�2

�2(C;C) = �2(R;R) =
Pc1

(c1 + c2)
� Pc1c2
(c1 + c2)2

=
Pc21

(c1 + c2)2
= P (1� �)2

where � = c2
c1+c2

represents the probability that �rm 1 wins the contest if no �rm has a

comparative advantage in design location. Notice that � 2 [0:5; 1] since c2 � c1: Therefore,

the pro�ts of the more e�cient �rm are higher.

2. If one �rm chooses the conservative location and the other �rm a radical design, i.e. (C;R)

or (R;C), e�ort levels will depend on the relative importance of design location and quality

as captured by our parameter �. Assuming that �rm i chooses the conservative location C
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its problem becomes:

max
ei
[Edp fpi(di; ei; dj ; ej ; dp; �)P � cieijdi = C and dj = Rg]

= max
ei
[

 
(1� �) ei

ei + ej
+ ��

!
P � cieijdi = C and dj = R]

while �rm j's problem becomes:

max
ej
[

 
(1� �) ej

ei + ej
+ �(1� �)

!
P � ciej jdi = C and dj = R]

Using the same arguments as in 1.) the optimal e�orts for �rm i and j are:

ei =
(1� �)cjP
(c1 + c2)2

ej =
(1� �)ciP
(c1 + c2)2

Notice that the e�ort level is lower than under 1.) and it is decreasing in �. The more

weight the sponsor puts on design location, the lower is the competition in e�ort levels.

The expected pro�ts of the �rms, when �rm 1 chooses the conservative design, and �rm 2

chooses the radical location, are:

�1(C;R) =
(1� �)c22P
(c1 + c2)2

+ ��P = (1� �)�2P + ��P

�2(R;C) =
(1� �)c21P
(c1 + c2)2

+ �(1� �)P = (1� �)(1� �)2P + �(1� �)P

Finally, the expected pro�ts of the �rms, when �rm 1 chooses the radical design, and �rm

2 chooses the conservative location, are:

�1(R;C) =
(1� �)c22P
(c1 + c2)2

+ �(1� �)P = (1� �)�2P + �(1� �)P

�2(C;R) =
(1� �)c21P
(c1 + c2)2

+ ��P = (1� �)(1� �)2P + ��P

4 The location decision

Now, we can de�ne the payo� matrix of the �rst stage game as follows taking the second stage

e�ort levels into account.
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F2

F1

C R

C
�1(C;C) = �

2P
�2(C;C) = (1� �)2P

�1(C;R) = (1� �)�2P + ��P
�2(R;C) = (1� �)(1� �)2P + �(1� �)P

R
�1(R;C) = (1� �)�2P + �(1� �)P
�2(C;R) = (1� �)(1� �)2P + ��P

�1(R;R) = �
2P

�2(R;R) = (1� �)2P

Player 1 is the row player and player 2 is the column player. Player 1's payo�s are represented

in the upper corner of each cell.

4.1 The equilibrium outcome

Proposition 1 characterizes the equilibrium outcome of the �rst stage.

Proposition 1 The equilibrium in the �rst stage is:

1. If (1� �)2 > 1� � �rms locate at (C;C) .

2. If (1 � �)2 < 1 � � and �2 > � both �rms use a mixed strategy. Firm 1 locates at C with

probability �� and �rm 2 locates at C with probability ��, where �� and �� are

�� =
�� (1� �)2
1� 2(1� �)2

�� =
�2 � �
2�2 � 1

3. If (1� �)2 < 1� � and � > �2 > 1� �, �rms locate at (C;R).

4. If (1� �)2 < 1�� and �2 < 1��, there is multiplicity of equilibria. The two pure equilibria

are 1) �rm 1 locates at C while �rm 2 chooses location R, 2) �rm 1 locates at R while �rm

2 chooses location C. In the mixed strategy equilibrium �rm 1 locates at C with probability

��� and �rm 2 locates at C with probability ���, where ��� and ��� are

��� =
�� (1� �)2
1� 2(1� �)2

��� =
�� �2
1� 2�2
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The equilibrium outcomes for all possible values of � and � are illustrated in Figure 1.

(C,C)

(C,R)

(plicity)
(multi-)

Mixed strategies
� = 1

� = 0:5
� = 0:5 � = 0:75 � = 1

Figure 1 shows how the equilibrium outcomes vary with � and the cost di�erences (comparative

(dis)advantage) of the two �rms. First, notice that the solution of the location stage does not

depend on the parameter �; although e�ort decisions and pro�ts do.

The solution of the game is quite intuitive. Consider � larger than 0.75. In this case the

conservative design has a big advantage over the radical design. Therefore, if the comparative

cost advantage of �rm 1 is not very large, none of the �rms wants to give up the privilege of being

located at the conservative design: the equilibrium is (C;C); �rms only compete in e�ort levels.

For intermediate levels of comparative advantage, the ine�cient �rm will give up the conservative

design and locates at the radical design since the competition in e�ort levels is too costly for this

�rm. In this case there is maximal di�erentiation of design locations and the total e�ort exerted

by �rms is reduced. Finally, if the comparative advantage is large, the e�cient �rm has a very

high probability of winning the competition in e�ort levels. This �rm therefore tries to force this

competition by choosing the same design as the ine�cient �rm while the latter tries to avoid

the competition in e�ort levels by choosing a di�erent location than the e�cient �rm.7 In other

words, the ine�cient �rm wants to achieve di�erentiated designs while the e�cient �rm wants

to achieve identical designs. This is a special case of the game called \matching pennies". The

equilibrium in this case is in mixed strategies.

7This result is similar to Cabral (1999), where the laggard wants to di�erentiate from the leader whereas the
leader wants to follow the follower.
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If � is lower than 0.75, the analysis of the equilibria is the same except for small values of

�. If the di�erence in competitive advantage is small the equilibrium changes from (C;C) to

multiplicity of equilibria. Now the sponsor's preferences for the conservative design are not very

strong. Therefore, if the ine�cient �rm locates at the conservative design, the e�cient �rm prefers

to choose the radical design to avoid competition in e�ort levels and viceversa. This is a special

version of the game called \chicken game". Both �rms prefer to be located at the conservative

design but the �rst objective is to avoid competition in e�ort levels.

The next corollaries provide additional characterizations of this equilibrium.

Corollary 1 (i) Maximal di�erentiation in design locations is obtained for intermediate levels of

comparative advantage. (ii) The e�ort level is non-monotonic in the comparative advantage of

�rm 1.

Corollary 1 has important implications for a more general model with optimal entry into the

tournament. It shows why well-established results of optimal entry into tournaments might be

modi�ed by the introduction of horizontal competition, in particular the results that the sponsor

wants to induce the participation of the two lowest cost contestants and that any technological

improvement which implies some cost reduction of the participating �rms always increases the

overall e�ort exerted by �rms. Part (i) of Corollary 1 tells us that whether or not entry by the

lowest cost contestants is optimal depends on the relative weight the sponsor gives to the design

location. In particular, if � is large, i.e. the sponsor mainly cares about design, this sponsor would

like to induce participation in the contest of �rms that have not too di�erent and not too equal

costs to achieve maximal di�erentiation in design locations which guarantees a better match of

one of the design proposals with the sponsor's preferred design. Part (ii) of Corollary 1 states

the unintuitive result that a reduction in costs of the most e�cient �rm can lead to a reduction

in e�ort of both �rms and therefore in expected quality. To illustrate this point assume that

before the cost reduction both �rms choose the central design. The resulting sum of e�ort levels

is e1 + e2 =
P

c1+c2
. A cost reduction of �rm 1 to c

0
1 might imply that it is bene�cial for �rm 2 to
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move to the radical design location resulting in an overall e�ort level of (1��)P
c
0
1+c2

. It is easy to see

that there exist some parameter values of c
0
1 and � such that the overall e�ort level is lower after

the cost reduction of �rm 1.8

Corollary 2 For all parameter values with a unique equilibrium the �rm with the cost advantage

makes higher (expected) pro�ts. The pro�ts of the less e�cient �rm are increasing in �.

The �rst part of the result is intuitive and does not need further explanations. When �

increases the competition in e�ort levels decreases since the horizontal competition becomes more

important. This reduction in competition in e�ort levels increases the pro�ts of both �rms: less

e�ort is exerted which reduces �rms' cost, but also the comparative advantage of the most e�cient

�rm is reduced. As both e�ects reinforce each other in case of the less e�cient �rm we can conclude

that its pro�ts are increasing in �:

Corollary 3 For all parameter values with a unique equilibrium the disadvantaged �rm is more

likely to choose a radical design.

The intuition of this result is straightforward: given its comparative disadvantage when com-

peting in e�ort levels, the ine�cient �rm has a bigger interest than the e�cient �rm in achieving

an equilibrium with di�erentiated design locations. Since the radical design is the less attractive

design, choosing the radical design is a way to get the di�erentiated equilibrium.

5 Conclusions

In this paper we have developed a very stylized model of horizontal and vertical competition in

tournaments. We show that introducing horizontal competition in a standard research tournament

can change some well known results. In particular, entry into the tournament by the lowest cost

contestants may not be optimal for a sponsor who mainly cares about design, since some cost

8The non-monotonicity of e�ort levels in the comparative advantage of the low cost �rm does not depend on the
simultaneous nature of the locational choice which causes the mixed strategy equilibrium. We have analyzed the
game for sequential locational choices and we have found that the result on the non-monotonicity of e�ort levels
also holds in this game. This analysis is available from the authors upon request.
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di�erence between �rms can induce them to choose di�erent design locations. We have argued

that our model also �ts R&D races where the design location should be interpreted as the R&D

path taken. The race for the blue laser diode nicely illustrates that it might be in the sponsor's

interest that also a priori less e�cient research paths are exploited.9 The blue laser was developed

by the disadvantaged contestant working with the a priori worse material. This material was

chosen to avoid competition, exactly as our model predicts.

Despite the relevance of the problem, there is scarce research on horizontal and vertical com-

petition in the literature. The main reason for this is that models with competition in several

dimensions tend to become easily intractable, and few speci�c results can be derived. Our aim in

constructing the model was to make its structure as simple as possible, while still capturing the

relevant aspects of the problem. The advantage of proceeding in this manner is that it enables

us to obtain clear explicit results with only a limited amount of computations. The drawback of

this tractability is that we have imposed several restricted assumptions and we need to clarify to

what extent the results can be generalized. We therefore discuss now in how far our results are

driven by our speci�c modelling assumptions, in particular by (i) our contest success function and

(ii) by our design space.

Our contest success function, which converges to the standard contest success function when

�rms only compete in quality (e�ort levels), is very convenient because the results of the location

game do not depend on the relative weight that the sponsor gives to the design location com-

pared to the design quality (� in our model). This e�ect, which is due to the mixture of having

two possible designs only and the contest success function depending linearly on the locational

advantage, clari�es that our results can be obtained in set-ups in which the sponsor mainly cares

about the horizontal competition and environments in which competition in e�ort levels is the

sponsor's main concern. If we use an arbitrary contest function we expect the equilibrium location

9The US has recognized this need in military aeronautical engineering: in 1943 the so-called \Skunk Works" was
created to design and develop the P-80 Shooting Star. Skunk Works was supposed to follow \crazy ideas" and most
of the aeronautical military innovations came from this special research group, e.g. the U-2, A-11, A-12, the F-104
Star�ghter, the SR-71 Blackbird and the Sea Shadow stealth ship. In the meantime \Skunk Work" has become the
general name for a special working environment for special projects involving a variety of special conditions.
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to depend on the relative weight of horizontal competition in the contest success function. Using

our notation, the location equilibrium will depend in general on �. Nevertheless we are con�dent

that this will not a�ect the qualitative nature of our results since our results are not due to the

sponsor caring mainly about the design location.

We are also con�dent that our results extend to richer design spaces as long as the design

spaces are discrete. Further research is needed to extend the present analysis to a continuous design

space like the Hotelling line.10 In a continuous design space it is more di�cult to characterize the

equilibrium since there are many possible deviations in the location stage. We conjecture that

we need to impose very restrictive assumptions about the sponsor's preferences concerning design

location to get some analytical results. On top of that, there are many real word situations that

are better described by a discrete design space, for example in the race for the blue LED the

possible materials to develop a blue laser clearly belonged to a discrete choice set. In the case of

the Florentine Republic or the contest for Zone Zero in New York it is not clear that the convex

combination of the designs would have been a realistic design space. In other words, our model

describes economic situations in which the design space is discrete. A model with N possible

designs that captures this idea nicely is an adaptation of the so-called \spokes model" (Chen and

Riordan, 2003) to our setup.11 In the appendix we analyze this adjusted spokes model with two

competing �rms. We show that the introduction of N possible designs does not alter the equilibria

of the game: the �rms will ignore all possible designs but two, namely the two designs that are ex

ante most likely to be the sponsor's preferred designs. The equilibrium choice of these two designs

coincides with the pure strategy equilibria of the game in which there are only two designs from

the beginning. In other words our model is robust to the introduction of more designs.

To our knowledge the present paper is the �rst to study vertical and horizontal competition in

10But for a discrete Hotelling line our results would go through. To see this point, notice that the present model
with two design locations could be translated into a model with a central design and two extreme designs that are
equally likely to be the principal's preferred design. In a previous version of the present paper we analyzed this
alternative model and the results are qualitatively the same.
11The special feature of the spokes model is that the distance in terms of sponsor's utility between two designs is

always the same. We do not believe that our results would be qualitatively di�erent if the distance varied with the
pairs of design under consideration, although the locational equilibrium would depend on � and the analysis would
be very tedious.
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tournaments. On the other hand, there exists a literature focusing on multi-dimensional product

di�erentiation. In how far is our analysis restricted to the tournament context and how do our

results relate to this literature?

The fundamental di�erence of our tournament model to existing models with multi-dimensional

product di�erentiation is that our �rms do not compete in prices. Therefore, the analysis of our

model is very di�erent from the analysis of models in the industrial organization literature. How-

ever, we conjecture that our model can be applied to markets where the �rms' di�erentiation

decision is discrete. For example, our model can be useful to understand an episode of the

browser war between Netscape and Microsoft. In that market, Microsoft started distributing the

internet explorer for free, and Netscape was forced to match Microsoft's policy of giving away

its Navigator. Once the prices are zero, �rms are constrained to compete mainly in horizontal

and vertical dimensions, as in our model. In January of 1998, Netscape decided to make the

source code of its browser public. With this move Netscape captured the market niche of sophis-

ticated programmers who were now able to customize the Communicator browser to their own

idiosyncratic needs. It was clear that Microsoft would not want to make his browser code public.

Microsoft's success is based on uniformity12 and indeed Microsoft kept this conservative strat-

egy. In other words, Netscape chose a di�erent design to capture a di�erent, but smaller market

niche, thereby avoiding competition in the main market niche where its chances of surviving were

small. Notice, that this �ts well with the prediction of our model. According to our model the

disadvantaged �rm should move from the conservative strategy to the radical strategy to avoid

competition when the comparative disadvantaged becomes large. It seems that the advantage of

Microsoft was increasing at that time since it was increasing its market share continuously.13

In the Netscape-Microsoft example design competition boils down to competition for di�erent

market niches, where consumers' heterogeneity is clearly segmented discretely. Since we do not

know how our model extends to continuous design locations, the model can only by applied to

12For more details see Shapiro and Varian (1998).
13In 1995 Microsoft had virtually zero market share and Netscape had 90%. Four year later, in August of 1999

Microsoft's share was 76% while that Netscape had only 23% (Statmarket, 1999).
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contexts where consumers' heterogeneity is discrete. This is a further di�erence to most models

in the industrial organization literature where consumers' heterogeneity is usually assumed to be

continuous (Neven and Thisse (1990), Heeb (2001)). Exceptions are Adner and Zemsky (2001),

Motta and Polo (1997)and Nilsson and Sorgard (1998). Adner and Zemsky (2001) is closest to

our model. They study the phenomenon of disruptive technologies that initially serve isolated

market niches and - as they mature - replace existing technologies in mainstream segments. The

quality of each technology is assumed to follow an exogenously �xed trajectory. This is the main

di�erence to our model where the vertical competition is endogenous.

In Motta and Polo (1997) TV channels are horizontally di�erentiated, but this is taken as an

exogenous variable and it is analyzed how this variety a�ects the quality decisions of �rms. In

Nilssen and Sorgard (1998) two TV channels compete with respect to time schedule and program

pro�le. Time schedule is a continuous choice variable; there are only two possible program pro�les.

This is similar to our setup where e�ort levels are chosen continuously while design location is a

discrete choice. Notice, however, that in Nilssen and Sorgard (1998) both decisions are costless

and horizontal in nature. Some viewers prefer one program over the other and all viewers like

di�erent time schedules. In contrast, in our model the competition in e�ort levels is vertical

(higher quality is always better) and costly.

There are two types of models with continuous consumers' heterogeneity: models in which the

multidimensional product di�erentiation is only horizontal in nature (Irmen and Thisse, 1998)

and models that are closer to ours in that they combine both vertical and di�erential competition

(Neven and Thisse (1990), Heeb (2001)). Irmen and Thisse (1998) extend Hotelling's analysis to

a n-dimensional characteristic space and show that �rms will only compete severely among one

dimension (maximum di�erentiation) and locate at the same point in all other dimensions. Neven

and Thisse (1990) show that for horizontal and vertical competition the principal of minimum

di�erentiation holds in one dimension while maximum di�erentiation holds in the other. Heeb

(2001) shows that this max-min principle crucially depends on the assumption of market coverage

and taste symmetry. Both models are very di�erent to ours since they work with continuous
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design spaces.

There are obviously many further elements that should be included in a more full-eshed

model of contests of ideas. In particular, we would like to work on the following two extensions

in the future:

1. In our model �rms' cost are independent of the design location. In many real-world situations

it might be the case that one �rm has a comparative advantage in producing some speci�c

design but a disadvantage on a di�erent design location. Consider for example the contest

for organizing the Olympic Games which works as follows. To elect the host city, the

International Olympic Committee (IOC) calls for applications for candidacy. Interested

cities submit their o�cial candidature �les to the IOC. The IOC Executive Board evaluates

the applications and selects the winning city. In this bidding process cities compete in

several dimensions: some cities o�er better sport infrastructures, while other cities o�er

more accommodation capacity or a better transportation system. It is clear, that some

cities have a initial advantage over some dimension, and other cities over other dimensions.

In future research we would like to extend our model to capture these cost discrepancies.

2. In our contest there are only two competing �rms. As we already said in the introduction,

contests of ideas are usually called for the sponsor to get ideas and learn about his prefer-

ences. Therefore, it might be optimal to have more than two competing �rms. An important

question for future research is to extend the model to N bidders and to study optimal entry

decisions. This might enable us to �nd the optimal contest form for this environment. Our

conjecture is that the optimal contest must have two stages. The �rst stage serves to select

the most interesting proposals. In the second stage the selected �rms compete vertically

developing their proposals.
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Appendix

6 Robustness Results: Model with N designs

In this appendix, we analyze the robustness of our results by considering a design space with

N possible design. In order to do so we adapt the \Spokes model" suggested by Chen and Riordan

(2003) to our setup. Chen and Riordan (2003) introduce a new way of modeling price competition

by di�erentiated oligopolists. The spatial competition is characterized by a spoke network. Each

�rm is located at the origin of a line of length 1
2 . All lines are arranged in such a way that all

terminals meet in one point, the so-called center. Consumers can only be served by travelling on

these lines. In other words, any consumer not located at the center is closest to one particular

�rm and has the same travail distance to all the other �rms. Applying this model to our setup,

we consider that there are 2 �rms but N possible designs d 2 fd1; :::; dNg; once the sponsor's

preferred design is determined, the distance in terms of utility between the preferred design and

any other design is always the same and has the same impact on our contest success function.14

As in the model of Section 2 the sponsor and the �rms face some uncertainty about the sponsor's

preferred design location. The distribution function Fdp of the principal's preferred design is

Fdp = f1; :::; Ng; with
NP
i=1
i = 1; where i is the prior probability that the design di is the

principal's preferred design. For convention and without loss of generality let 1 > 2 > ::: > N .

We assume that when both �rms present two di�erent designs; di and dj , the principal chooses his

preferred design between the two according to the prior distribution of probability Fdp . We apply

Bayes rule, using the prior distribution and conditioning on the fact that the preferred design is

one of the two presented, d 2 fdi; djg:15 Then, we obtain that the probability that the principal

14This spokes model makes the comparision between 2 arbitrary designs very simple and therefore ensures that
the analysis is tractable. An alternative assumption that delivers exactly the same results is that the di�erence
in utility levels between the preferred design and any arbitrary design is that large that it outweighs the quality
considerations of the principal. Nevertheless, as we said in the conclusions it would be desirable to analyse a model
with N designs without imposing any assumptions about the utility distance of the sponsor between the designs.
15In this way we are modeling \limited awareness" by the sponsor. The sponsor can rank the design proposals

but is unaware of the existence of design locations that have not been chosen by some �rm. This is consistent with
our argument that contests of ideas are usually called for when the sponsor wants to learn about the existence of
possible designs.
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prefers di to dj , is
i

i+j
. Apart from this particular space structure the model proceeds as before.

The timing of the model now is the following:

1. Nature chooses the distribution of the preferences of the sponsor Fdp = f1; :::; Ng and the

marginal cost ci of e�ort for each �rm i. This becomes common knowledge.

2. The sponsor announces the contest and the prize P for the winning �rm.

3. The competing �rms choose simultaneously the design location di among the N possible

locations and then the e�ort level ei to develop the chosen type of design.

4. The sponsor's preferred design is determined by nature according to Fdp .

5. The winning �rm is determined by nature according to the design proposals and the contest

success function which is easily seen to be the same as before:

pi(di; ei; dj ; ej ; dp; �) =

( ei
ei+ej

if di = dj

(1� �) ei
ei+ej

+ �hi(di; dj ; dp) if di 6= dj

where hi is the comparative advantage of �rm i due to horizontal competition

hi(di; dj ; dp) =

(
1 if di 6= dj and di = dp
0 Otherwise

The game is solved by backward induction. The proofs are relegated to the mathematical

appendix. We focus on pure strategy equilibria and show that only two of the N designs will

be chosen in equilibrium and that the choice of these designs coincides with the equilibria in the

game with only 2 designs.

Lemma 1 In any pure strategy equilibrium �rms always choose d1 or d2.

By assumption d1 and d2 are the designs that ex ante are most likely to be the sponsor's

preferred design and therefore dominate all other designs.

Lemma 2 The pure strategy equilibria in the game with N designs coincide with the pure strategy

equilibria of the game with 2 design, considering that d1 is the conservative design and d2 the

radical design, and � = 1
1+2

> 1
2 .
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Notice that the set of parameters for which a mixed equilibrium exists in the game with N

designs also coincides with the set of parameters for which a mixed equilibrium exists in the game

with only two designs. However, with N designs �rms might mix using other designs besides d1

and d2. Consider the game with only two designs: in the mixed strategy equilibrium the utility of

the less e�cient �rm is strictly lower than the utility it would get if �rm 1 had located at d1 and

�rm 2 at d2. If there are other designs, there could be a design d3 that grants a higher utility to

�rm 2 in a separating equilibrium than in the mixed equilibrium with only two designs. Therefore

this strategy should be included in the support of the mixed strategy equilibrium.

To conclude: this model with N designs has the same pure strategy equilibria as the model

with 2 designs and therefore the analysis of the equilibria of Section 2 can be extended to this

model.

6.1 Mathematical Appendix

Proof of Proposition 1: Notice that for �rm 2 the best strategy when �rm 1 plays radical is

to plays C, since (1 � �)2 < 1
4 and � >

1
4 : To solve the �rst stage game, we have to distinguish

four cases.

Case 1: (1 � �)2 > 1 � �: In this case it is a dominant strategy for �rm 2 to choose C, since

(1� �)2 > 1��) (1� �)2P > (1��)(1� �)2P +�(1��)P . If �rm 2 plays C, the best response

of �rm 1 is to play C, since (1 � �)2 > 1 � � ) �2 > 1 � � ) �2P > (1 � �)�2P + �(1 � �)P .

Hence, the only Nash equilibrium is that both �rms choose the central design (C;C).

Case 2: (1 � �)2 < 1 � � and �2 > �: In this case there is no equilibrium is pure strategies,

since �rm 1 wants to choose �rm 2's location and �rm 2 want to choose a di�erent location than

�rm 1. To analyze the equilibrium in mixed strategies we compute the best response function of

the �rms. Let � (�) be the optimal probability with which �rm 1 chooses C if �rm 2 plays C
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with probability �. Straightforward calculations show that

�(�) =

1 if � > �2��
2�2�1

2 [0; 1] if � = �2��
2�2�1

0 if � < �2��
2�2�1

Let �(�) be the optimal probability with which �rm 2 chooses C if �rm 1 plays C with probability

�. Straightforward calculations show that

� =

0 if � > ��(1��)2
1�2(1��)2

2 [0; 1] if � = ��(1��)2
1�2(1��)2

1 if � < ��(1��)2
1�2(1��)2

Given these reaction functions the equilibrium in mixed strategies is that �rm 1 plays C with

probability �� = ��(1��)2
1�2(1��)2 and �rm 2 plays C with probability �� = �2��

2�2�1 .

Case 3: (1��)2 < 1�� and � > �2 > 1��: In this case it is a dominant strategy for �rm 1 to

choose C, since �2 > 1��) �2P > (1��)�2P+�(1��)P and �2 < �) �2P < (1��)�2P+��P .

If �rm 1 plays C the best response of �rm 2 is to play R; since (1 � �)2 < 1 � � ) (1 � �)2P <

(1� �)(1� �)2P + �(1� �)P: Hence, the only Nash equilibrium is (C;R).

Case 4: (1 � �)2 < 1 � � and �2 < 1 � �: On the one hand, the best response of �rm 1

if �rm 2 plays C is to play R; since �2 < 1 � � ) �2P < (1 � �)�2P + �(1 � �)P and if

�rm 2 plays R is to play C; since �2 < 1 � � ) �2 < � ) �2P < (1 � �)�2P + ��P On

the other hand, the best response of �rm 2 if �rm 1 plays C is to play R; since (1 � �)2 <

1 � � ) (1 � �)2P < (1 � �)(1 � �)2P + �(1 � �)P and if �rm 1 plays R is to play C; since

(1 � �)2 < 1 � � ) (1 � �)2 < � ) (1 � �)2P < (1 � �)(1 � �)2P + ��P . Therefore, it is easy

to see that we have two pure equilibria in this case: (R;C) and (C;R): Similar calculations as in

Case 2 allow us to derive the mixed equilibrium.

Proof of Corollary 1: Without loss of generality we assume that c1 + c2 = 1 (this is a normal-

ization). To show that the e�ort level is non-monotonic in the comparative advantage of �rm 1

we have to di�erentiated between two cases: Case 1) � > 0:75 and case 2) � < 0:75.

1. Let � > 0:75: If (1 � �)2 > 1 � � the equilibrium is (C;C) and the e�ort exerted by the
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�rms are

e1 =
c2P

(c1 + c2)2
= �P and e2 =

c1P

(c1 + c2)2
= (1� �)P:

If (1 � �)2 < 1 � � and � > �2 > 1 � � the equilibrium is (C;R) and the e�ort exerted by

the �rms are

e1 =
(1� �)c2P
(c1 + c2)2

= (1� �)�P and e2 =
(1� �)c1P
(c1 + c2)2

= (1� �)(1� �)P

Therefore, for a given �, when the cost advantage of �rm 1 increases, the equilibrium

changes from (C;C) to (C;R) and the �rm's e�ort decreases. But if � increases more such

that �2 > �; we know from proposition 1 that the location stage has a mixed strategy

equilibrium and the expected e�ort exerted by the �rms are

Efe1g = (1� )�P + (1� �)�P and Efe2g = (1� )(1� �)P + (1� �)(1� �)(1� �)P

where  = ��+ �� � 2�� ��. These e�ort levels are higher than those corresponding to the

equilibrium (C;R):

2. Let � < 0:75. We can use the same argument to show that the e�ort level can increase when

� increases and �2 becomes greater than �:

Proof of Corollary 2: If both �rms choose the same design (Case 1 (1 � �)2 > 1 � �) �1 =

�2P > �2 = (1 � �)2P , since � = c2
c2+c1

> 1
2 . If �rm 1 locates at C, while �rm 2 chooses a

radical design (Case 3: (1 � �)2 < 1 � � and � > �2 > 1 � �), �1 = �2P > (1 � �)P >

(1 � �)(1 � �)2P + �(1 � �)P = �2. Finally, if both �rms mix over design locations (Case 2:

(1 � �)2 < 1 � � and �2 > �:), observe that �1 = ���2P + (1 � ��)((1 � �)�2P + ��P ) > �

since �2 > �, and �2 = (1 � ��)(1 � �)2P + ��((1 � �)(1 � �)2P + �(1 � �)P ) < (1 � �)since

(1� �)2 < 1� �. Therefore, �1 > � > 1� � > �2. This conclude the proof.

Proof of Corollary 3: From proposition 1 it can be seen that for some parameter values the

disadvantaged �rm chooses the radical design while the advantaged �rm chooses the conservative
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design. We only have to show that when both �rms choose a completely mixed design location

�� > �� always.

�� � �� = (2�2 � 1)(�� (1� �)2)� (1� 2(1� �)2)(�2 � �)
(1� 2(1� �)2)(2�2 � 1)

Straightforward calculations show that

�� � �� = (2�� 1)(�2 � (1� �)2)
(1� 2(1� �)2)(2�2 � 1) > 0

Proof of Lemma 1 Assume for reductio that there is a pure strategy equilibrium in which at

least one �rm chooses a design di =2 fd1; d2g: We have to distinguish two cases:

a) Both �rms choose di. Consider that the ine�cient �rm deviates by choosing for example

d1. Then, both �rms reduce their e�ort levels from ei =
cjP

(c1+c2)2
to ei =

(1��)cjP
(c1+c2)2

. Moreover, the

ine�cient �rm increases its probability of winning from (1� �) to (1� �)(1� �) + � 1
1+j

(notice

that (1 � �) = c1
c1+c2

< 1
2 and

1
1+j

> 1
2). This, jointly, with the reduction in cost of exerting

e�ort lead to the conclusion that the ine�cient �rm will make positive pro�ts by deviating from

di.

b) Both �rms choose di�erent designs di and dj . Consider, that in the proposed equilibrium

�rm i is choosing a design di =2 fd1; d2g: Firm i can increase its pro�ts by deviating and choosing

a design, d�i 2 fd1; d2g but di�erent of dj , because its cost of exerting e�ort does not change but

its probability of winning increases.

Proof of Lemma 2. Given Lemma 1 for the set of parameters for which there are pure strategy

equilibria we can consider that the other designs are dominated by fd1; d2g: From this point, the

proof mimics the proof of proposition 1.
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