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Abstract

We propose a new solution concept for TU cooperative games in characteristic

function form, the SCOOP, that builds on the Nash Bargaining Solution (NBS),

adding to it a consistency requirement for negotiations inside every coalition. The

SCOOP specifies the probability of success and the payoffs to each coalition. Play-

ers share the surplus of a coalition according to the NBS, with disagreement payoffs

that are computed as the expectation of payoffs in other coalitions, using some

common probability distribution, which in turn is derived from the prior distrib-

ution. The predicted outcome can be probabilistic or deterministic, but only an

effi cient coalition can succeed with probability one. We discuss necessary and suffi -

cient conditions for an effi cient solution. In either case, the SCOOP always exists,

is generically unique for a large class of games (that we call indivisible), and easy

to compute. We also discuss a non-cooperative implementation of the SCOOP.
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1 Introduction

The Nash Bargaining Solution (NBS) has long been accepted as the standard solution

concept for negotiations between two, or more, players about how to share the proceeds

of an agreement. Less consensus exists as to the right theory for the problem of coalition

formation. There, different possible agreements involve different sets of players, each

characterized by the worth that the players in the set may obtain and share should they

make that agreement.

We propose for this problem a theory that builds on the NBS adding to it a consis-

tency requirement for negotiations inside every coalition. More specifically, we define a

solution concept for games in characteristic function form, the Solution with Consistent

Outside OPtions (SCOOP). The SCOOP specifies the probability of success of, as well

as payoffs within, each coalition. It requires that the surplus in every coalition is shared

according to the NBS, with disagreement points consistently computed. In particular,

each player’s disagreement payoff in one coalition is that player´s expected payoff in al-

ternative coalitions. The expectation is taken using some probability distribution over

those counterfactuals, a system of beliefs that is shared by all players1 and is consistent

across coalitions. That is, the system of beliefs coincides with the system of conditional

distributions obtained from a joint distribution, a common prior, over all coalitions. The

theory identifies that system of beliefs and that common prior. Finally, we also require

that the probabilities are consistent with the payoffs: a coalition may be expected with

positive probability to succeed only if all players involved have no better option.

Our first major result is that the SCOOP exists for any game, superadditive or not.

That is, for any transferable-utility game of coalition formation there exists a, perhaps

probabilistic, prediction of success and surplus sharing consistent with NBS with the

disagreement payoffs determined by consistent counterfactuals.

We then turn to investigate uniqueness. For that purpose, we focus on what we

term indivisible games. In an indivisible game, any two coalitions that have a (net)

positive worth must have a non-empty intersection. There are two reasons to focus on

these games. First, we are discussing how to make a prediction, for a given coalitional

game in characterstic function form, when no more than one coalition can be formed. A

characteristic function is an appropriate representation of a game without externalities.

1We refer to these counterfactuals as outside options, although they are external only when considered
from the point of view of negotiations to reach a particular agreement or form a particular coalition.
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However, if the game is not indivisible and we assume that only one coalition can be

formed, then we would also be assuming an extreme form of externality: if a coalition

forms, any other coalition that could form with the remaining players loses its worth.

Thus, focusing on the problem of forming one coalition in games in characteristic function

form without externalities requires restricting attention to indivisible games. Second, if

we were to consider this extreme form of externality in games that are not indivisible then

no reasonable solution concept could make a unique prediction. Indeed, consider a game

where only two disjoint coalitions have positive worth. It makes sense to predict that one

of them will form. However, any prediction about which one will succeed, betting on a

winner of this race to form a coalition, would be unwarranted with only the information

contained in the characteristic function. In this case, the multiplicity of SCOOPs reflects

this genuine inability to predict a winner.

For indivisible games, we show that the SCOOP is, generically, unique. Thus, for this

class of games the SCOOP provides sharp predictions, which, in addition, are relatively

straightforward to compute.2

It should not come as a surprise that a deterministic SCOOP always predicts that

an effi cient coalition, one with maximum worth, will form. We characterize the set of

games for which the SCOOP predicts this effi cient outcome. Having a non-empty core is

a necessary condition. A deterministic SCOOP requires that the payoffs to the players

in the effi cient coalition are preferable to what they might obtain elsewhere. This is also

what an imputation must satisfy to be in the core, and so the payoffs in a deterministic

SCOOP must be an allocation in the core. Therefore, if the core is empty, the SCOOP is

always probabilistic.

However, a deterministic SCOOP requires more. In particular, it requires that the

agreement in the effi cient coalition be supported by consistent counterfactuals, a stronger

requirement, and one which all core allocations may fail to satisfy. Thus, even if the core

of the game is non-empty, the SCOOP may be probabilistic. We characterize the set of

games for which the SCOOP is deterministic and the set for which it is probabilistic.

We also offer a (class of) non-cooperative protocols that implement the SCOOP. First,

we discuss why (versions of) the two standard protocols, the random-proponent proto-

col and also the rejector-proposes protocol, may fail to produce satisfactory predictions.3

Indeed, besides possibly generating multiple equilibria, these protocols include initial ex-

2In Section 7 we provide an algorithm to that end.
3See Ray (2007) for an excellent discussion of these protocols and other related issues.
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ogenous (i.e., arbitrary) random devices that end up having a large impact on the pre-

dicted outcomes. In particular, the equilibrium probabilities of success may be insensitive

to changes in the primitives, and exclusively determined by these exogenous random de-

vices. Our approach is to construct a protocol with elements of these classes of protocol,

but neutral with respect to the random device. In that family of protocols, stationary

equilibria necessarily identify the SCOOP as the equilibrium outcome.

One early predecessor of our paper is Bennett (1997), who also endogenizes disagree-

ment payoffs in a particular negotiation as functions of the payoffs that players obtain in

their alternative negotiations. For the three-player/three-cake problem (Binmore, 1985),

Bennett’s approach is to consider as disagreement payoffs in each bilateral negotiation

the payoffs that each player obtains in their negotiations with the third player. In our

language, this is equivalent to assuming that players assign probability one to several,

mutually exclusive, possible counterfactuals. In the same spirit, we add the requirement

that the counterfactuals used to compute disagreement points be consistent.

The idea of modeling the division of surplus as based on endogenous disagreement

points is also at the heart of various definitions of internal consistency (the reduced-game

property) that have been invoked to characterize the nucleolus and the Shapley value

as appropriate generalizations of the NBS (Sobolev, 1975; Peleg, 1986; Hart and Mas-

Colell, 1989; Serrano and Shimomura, 1998). Here too, the reduced game is defined while

overlooking the possible incompatibility of alternative agreements. For instance, in a

three-player game, following Hart and Mas-Colell (1989), the Shapley value is consistent

in the following sense: the payoffs to every pair of players is also the NBS of their bi-

lateral negotiation in which they share their aggregate payoffs, with disagreement points

defined as the payoffs that each player obtains in case this negotiation fails and reaches an

agreement with the third player (equally splitting the worth of their coalition). Clearly,

these disagreement payoffs are not based on consistent counterfactuals, since only one of

the players can possibly reach an agreement with the third.

The more recent paper by Compte and Jehiel (2010) is also related with the present

paper. In the context of supperaditive games in characteristic function form, they define

a cooperative solution concept, the Coalition Nash Bargaining Solution (CNBS), as the

allocation in the core that maximizes the Nash product. The SCOOP coincides with the

CNBS, a selection of the core, when it is deterministic. However, as we have mentioned

above, even when the core is not empty, and so the CNBS is defined, the SCOOP may
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be probabilistic, and so predict a quite different outcome. Once more, the requirement

that payoffs are based on the NBS and consistent counterfactuals explain the departure.

Interestingly, there is a property that Compte and Jehiel discuss that characterizes the

class of games for which the SCOOP is deterministic.4

In the next section we present our solution concept. Section 3 contains the main results

(existence and uniqueness). The non-cooperative implementation is discussed in Section

4. Section 5 illustrates the main characteristics of the SCOOP with some examples.

Next, Section 6 discusses the relation between the SCOOP, the core, and the CNBS. The

paper closes with precise guidelines on the computation of the SCOOP in complex games

(Section 7), and some concluding remarks (Section 8).

2 A new solution concept for cooperative games in
characteristic function form

We consider n > 2 agents who negotiate to form a coalition. The set, and the coalition,

of all agents will be denoted by N , and the set of coalitions by S. The coalition s ∈ S has
worth vs ≥ 0. Thus, the pair

(
N, {vs}s∈S

)
defines a coalitional game: a cooperative game

in characteristic function form. In this paper we study the problem of forming a unique

coalition and distributing its worth among its members.

Thus, a solution identifies an outcome. A deterministic outcome is a coalition s ∈ S,
and payoffs, usi , for all i ∈ s. We will also allow for non-deterministic outcomes. Thus, in
general, an outcome is a probability distribution p over the set of deterministic outcomes.

The elements of our theory are simple: agents will consider all possible negotiations

(one in each coalition s ∈ S) simultaneously. Payoffs within each coalition must corre-

spond to (generalized) Nash bargaining inside the coalition, and the disagreement points

for each of these negotiations must correspond to the (expected) payoffs in alternative

coalitions. Finally, the expectation is computed using Bayes’rule and a common proba-

bility distribution over coalitions. This probability distribution must be consistent with

the agents’payoffs in all coalitions.

We normalize the worth of all one-player coalitions to 0. Let {ps}s∈S denote a prob-
ability distribution on S. Also, for each s, let {λsr}r 6=s denote a probability distribution

4This is not coincidence: that property, referred to as Property P1, guarantees that the CNBS is
the subgame equilibrium (limit) outcome of a random proponent protocol. Subgame perfection in fact
incorporates consistency of beliefs, very much in line with the consistency requirement for the SCOOP.
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on the set of coalitions minus s. Finally, for each s ∈ S, denote by {tsi}i∈s a vector of
disagreement points for the ns players in coalition s.

Definition A Solution with Consistent Outside OPtions (SCOOP) for the game
(
N, {vs}s∈S

)
is a quadruple σ =

{
{usi}i∈s , {tsi}i∈s , ps, {λ

s
r}r 6=s

}
s∈S

that satisfies:

(i) usi =

{
tsi + 1

ns

(
vs −

∑
j∈s t

s
j

)
, if vs ≥

∑
j∈s t

s
j

0, otherwise
(ii) tsi =

∑
r3i,r 6=s λ

s
ru

r
i . If ps < 1 then λsr = pr

1−ps .

(iii) ps > 0 only if usi ∈ maxr3i u
r
i , for all i ∈ s.

The first line in (i) is simply the generalized Nash bargaining solution. The second line

corresponds to the "outside-option principle": usi may play (part of) the role of an outside

option for an agent i ∈ s in negotiations elsewhere, but only if s is indeed a coalition that
i, and the rest of members of s, may consider joining. Otherwise, the payoffs in s must

be irrelevant, i.e., add nothing to the agents’disagreement points when they negotiate to

form other coalitions r 6= s.

Part (ii) in the definition establishes that the disagreement points in s are the expected

payoffs in alternative negotiations r 6= s. It also requires that the probability distribution

used to calculate these expected payoffs in alternative negotiations is consistent. That is,

it must be the conditional probability distribution over coalitions other than s obtained

from a common prior p = {ps} using Bayes’rule, when applicable.
Part (iii) imposes the (strong) consistency of this common prior with payoff predic-

tions. It requires that no player is expected to join a coalition when that player strictly

prefers what that player gets in an alternative one. Weaker consistency criteria may be

defended. Yet, this strong one is not only compatible with existence, but delivers a unique

prediction in the class of games that we will deem relevant. Weaker criteria would have

to include this prediction, and so it may be argued that the SCOOP would still be the

most robust prediction.

Thus, our solution concept can be understood as a generalization of the NBS to coali-

tional games, in which the beliefs held in each coalition are consistent: (a) all players in

each coalition hold the same beliefs about the consequences of the failure of the negotia-

tions, (b) these beliefs emanate from a common probability distribution (and hence they

are consistent across coalitions), and (c) this probability distribution is compatible with

the payoffs. In Section 4, we study a class of non-cooperative, dynamic bargaining game
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that implements, as the discount vanishes, the SCOOP. The bargaining game is a sensi-

ble version of standard protocols, in particular, random-proponent and rejector-proposes

protocols.

3 The main results

3.1 Existence

Our first result guarantees that this concept always results in a prediction. That is,

for any game in characteristic function form, monotone or not, it is possible to model

simultaneous negotiations à la Nash with consistent counterfactuals and obtain some

prediction, a SCOOP. Indeed,

Theorem 1 A SCOOP always exists.

The proof is in the Appendix. In this general existence proof, we have used an ar-

gument that parallels the by now most popular proof of the existence of a competitive

(Walrasian) equilibrium. The similarity comes from the use of (a version of) the Walras

law. Indeed, existence of a competitive equilibrium can be proved by referring to (conti-

nuity and) the Walras law: the product of any vector of prices and the the corresponding

excess of demand over endowments is always zero. These porperties are used to define a

correspondence from the set of (relative) price vectors to itself, a fixed point of which is

a competitive equilibrium. For the SCOOP, the analogues of prices are the probabilities.

"Excess demand" in each "markets" (coalition) has nothing to do with utility maximiza-

tion, but simply with a particular property of the SCOOP (the "equal loss"), which is a

direct consequence of the "behavior" predicted by the Nash bargaining theory. Crucially,

this "excess demand" also satisfies an analogue to Walras law: the expected total excess

payoff is always zero. Using (continuity and) this property, we also define a correspon-

dence from the set of probability vectors to itself a fixed point of which is also virtually the

SCOOP. This is where the parallel ends. However, just as with competitive equilibrium,

it is instructive to view the (Kakutani’s) fixed point theorem as a process of convergence.

In our case, the "Walrasian auctioneer" would name a vector of probabilities, check where

there is "excess demand", i.e., in what coalitions the payoffs induced by equal loss exceed

the worth of the coalition, and then try a new probability vector that puts less probability

on those coalitions.
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3.2 Uniqueness

In our subsequent discussion we will restrict attention to games such that any two coali-

tions with positive worth have at least one player in common.5 That is,

Definition The game
(
N, {vs}s∈S

)
is indivisible if for any two coalitions s, s′ ∈ S such

that vs,vs′ > 0, s ∩ s′ 6= ∅.

A reason to focus on indivisible games when discussing uniqueness is that we are

studying the problem of forming a unique coalition in games without externalities. Games

that are not indivisible represent situations where, conceivably, more than one coalition

may form. Thus, restricting to one coalition in games that are not indivisible amounts to

assuming an (implicit) externality: the worth of coalition s depends on whether some other

coalition involving players in N − s forms (in which case the worth is 0) or not (in which

case the worth is vs). As is well know, when externalities are present, a characteristic

function is not the appropriate way of representing the game: we should rather consider

a game in partition function form. (More on this in Section 8)

We should point to another, closely related reason. Indeed, even if we were ready to

consider such extreme form of externality (only one coalition can form), we should not

expect a sensible solution concept to deliver a unique prediction. Indeed, the character-

istic function may not provide suffi cient information to justify so sharp a prediction. To

illustrate our point, consider a four-player game, in which only two coalitions generate

positive value, one formed by players 1 and 2, and the other by players 3 and 4, but only

one can form. This game represents independent negotiations, except for the fact that

success in one prevents success in the other. Our solution concept predicts that players in

each coalition will equally share its worth, but it is silent about which coalition will win

this "race": any probability distribution will be part of a SCOOP. Such multiplicity can

hardly be seen as a weakness, but rather as a recognition that a characteristic function

only specifies the maximum worth of each coalition and provides no information about the

relative speed with which different subsets of players reach an agreement. Without this

information, we argue, the prediction should humbly admit that any of those outcomes

(and any probability distribution over them) is possible.

In this paper we focus on the problem of forming one coalition when externalities are

absent. Thus, in the remainder of this paper we focus on indivisible games. (In Section 8,
5In the context of simple, monotonic games, an indivisible game is known as a proper game. In

particular, in a proper game any two winning coalitions share at least one player.
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we will comment on extending the analysis beyond this set.) This is the only restriction

we place on the characteristic function. In particular, we do not restrict the analysis to

games in which the most valuable (effi cient) coalition is N .

Thus, the second main result of this paper is about the generic uniqueness of the

SCOOP for indivisible games. Multiplicity only arises for very particular combinations of

coalition values, that is for a subset of games with zero measure in the set of admissible

games.

Theorem 2 Generically, the SCOOP of an indivisible game is unique.

The proof is in the Appendix.

Theorem 2 is remarkable. For games where the payoff structure rules out two different,

meaningful coalitions (indivisible games), it shows that the consistency of the counterfac-

tuals that satisfy the particular way in which Nash bargaining theory predicts the sharing

of surplus in every negotiation is not only feasible, but (generically) is compatible with

only one (perhaps probabilistic) outcome. In the proof of this theorem, we characterize

the set of games for which the (generically) unique SCOOP is deterministic and the set

of games that generate a (generically) unique non-deterministic SCOOP. The intersection

of these two regions is not empty but has an empty interior.

For completeness, let us discuss the non-generic cases when the SCOOP may not be

unique. First, the SCOOP is not unique for any game in the intersection of the two regions

that we have just mentioned. For instance, consider a three player game with vN = 1, and

vs = 2/3 for any coalition s with two players. There exists a deterministic SCOOP with

pN = 1, and ui = 1/3 for all i. However, there exists a continuum of non-deterministic

SCOOPs where pN = p for any p, and any other coalition has probability (1− p)/3. Still,
every player that belongs to the winning coalition obtains a payoff of 1/3, but obviously

these different SCOOPs are not equivalent, as the players have different probabilities of

belonging to the winning coalition.6

Multiplicity may also arise in games with more than one effi cient coalition, another

example of non-generic games. For instance, consider a four player game where vs = 1

for s = {1, 2, 3}, {1, 2, 4}, and vs = 0 for all other coalitions. Any (u1, u2) such that

6In fact, these SCOOPs are Pareto ranked: as in the example, the probability of success of each
winning coalition other than the effi cient coalition conditional on the latter not forming is the same in all
SCOOPs. Thus, all players prefer SCOOPs with a higher probability of the effi cient coalition forming.
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u1 + u2 = 1, ui ≥ 0 will be part of a deterministic SCOOP. Hence, in this type of non-

generic game, multiplicity is again payoff relevant.7 ,8 In all these cases, only players who

belong to all effi cient coalitions can obtain positive payoffs, but the mere existence of

these alternative effi cient coalitions may provide alternative, consistent counterfactuals

that sustain different predictions.

These two examples illustrate the only cases in which the SCOOP might offer multiple

predictions: in the one case, the indifference of a set of players may exclude a more effi cient

outcome, and in the other, the perfect substitutability of players may leave undetermined

the identity of the ones who are included in the winning coalition.

4 Non-cooperative implementation

Following the Nash program, we should now inquire what type of strategic game may

implement our solution concept. We should note that the most popular protocols in the

recent bargaining literature (with irreversible agreements) are not well fitted to do the job.

Any of these protocols begins with one player, who is chosen using an exogenous random

device, proposing a particular coalition and how to share its value. Next, the members

of this coalition accept or reject the offer. Different protocols differ with respect to the

consequences of a rejection. In the rejector-proposes protocol (Chaterjee et al. 1993), the

first player who rejects the offer becomes the next proponent. In the random-proponent

protocol (e.g., Compte and Jehiel, 2010), a new proponent is chosen again by the same

random device used at the beginning.

A less than satisfactory feature of these protocols is that the specific (arbitrary) initial

random device determines the outcomes of the protocol beyond the fundamentals of the

bargaining problem.

As an illustration of this point, consider a simple version of the three-player, three-cake

problem where vN = 0, vs = 1 for s = {1, 2}, and vs = α ∈ (0, 1) for s = {1, 3}, {2, 3}. For
α ∈ (0.4, 0.7), the random-proponent protocol with each player proposing with probability

7In this case, both deterministic (with p{1,2,3} = 1 or p{1,2,4} = 1) and non-determinsitic (with any
probability distribution

(
p{1,2,3}, p{1,2,4}

)
) SCOOPs coexist.

8There are other, non generic, examples of irrelevant multiplicity, as all the SCOOPs predict the
same payoffs and same probabilities of success for all players. First, there are deterministic SCOOPs
in terms of the composition of the set of relevant outside options, S0 (σ), where these alternative sets
represent equivalent disagreement payoffs and hence result in the same payoffs. Similarly, there may be
multiple non-deterministic SCOOPs in terms of the identity of the coalitions that succeed with positive
probability, but result in the same individual payoffs and the same individual probabilities of belonging
to the winning coalition.
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1/3 (and discount factor approaching 1) has an equilibrium where the probability of

success of the effi cient coalition (1, 2) is two-thirds. That is, player 3 has a probability

1/3 of being in the successful coalition, which is precisely the probability of being a

proponent. Moreover, the payoffs conditional on the success of any coalition are also

independent of α, in that range. Thus, to a large extent, the random device determines

the outcome, and introduces a great deal of rigidity: large changes in the fundamentals

of the bargaining problem do not affect these outcomes.9

The rejector-proposes protocol introduces exogenous rigidities similar to the ones dis-

cussed above. 10

We argue that a satisfactory protocol should make predictions that are not hostage to

exogenous, arbitrary moves by Nature, but instead respond tightly to the fundamentals of

the problem. A step in the right direction can be made by separating the determination

of the winning coalition from the sharing of the value of a coalition. For the problem

at hand, we propose the following bargaining game, which takes place over time: t =

0, 1, 2, ...(infinite horizon). All players discount the future using the same discount factor,

δ. In period t = 0:

1. SELECTING THE COALITION

(1.1) Nature selects one player, i, using a probability distribution µ on N . Player i

proposes a coalition, s.

(1.2) All other players involved in coalition s must accept or reject in sequence. a) If

all players accept, the game moves to (2). b) The first player who rejects becomes the

proponent in (1) in the next period.

2. SHARING THE VALUE OF THE COALITION

(2.1) Nature selects one of the members of coalition s, say j, as the proponent, using

a uniform probability distribution. Player j makes a proposal to divide vs.

(2.2) The players in s accept or reject in sequence. a) If all accept, then the proposal

is implemented and the game ends. Otherwise, the game moves to the next period and

starts fresh at (1.1).

If no agreement has been reached at the beginning of period t, then players continue

bargaining using the protocol as in t = 0, unless an offer was rejected in stage 1.2 of period

9In addition, when α ∈ (0.4, 0.5) there is also an effi cient equilibrium, and so this protocol is unable
to make a unique prediction.
10Also, it is well known—see, for instance, Proposition 3 in Compte and Jehiel (2010)—, that such a

protocol makes the implementation of the effi cient coalition more diffi cult.
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t− 1. In the latter case, the first player who rejected the offer is the current proponent in

stage 1.1.

This describes a family of protocols, one for each probability distribution µ. Our results below show that if a stationary equilibrium exists for some distribution µ, the protocol implements asymptotically, as δ →
1, the SCOOP. Moreover, there exists a set of protocols, generically an open set in ∆n, for

which a subgame perfect stationary equilibrium exists. We begin with the former result.

Proposition 3 Given µ, suppose that there exists δ ∈ (0, 1) such that the protocol has

a subgame perfect, stationary equilibrium for δ > δ. Any limit point of the sequence of

outcomes (coalition that forms and division of the surplus) of any selection of equilibria

is the outcome of a SCOOP.

A formal proof of this result is in the Appendix. Here, we offer a heuristic proof for

the case, perhaps less intuitive, where the limiting equilibrium puts a positive probability

on more than one coalition.

Let δ be given, and denote the equilibrium, continuation payoff of player j by Uj.

Whoever is the proponent in stage 2.1 when coalition s has been accepted, say player i,

will obtain a premium of vs−
∑

j∈s δUj, above her continuation payoff, δUi (if that premium

is positive). This premium is the same for all players in s, a feature which is shared by

all other standard protocols based on proposals. In our protocol, and for suffi ciently

high δ, any player that belongs to a coalition at which this premium is highest will

reject in 1.2 any coalition with lower premium and propose one such premium-maximizing

coalition in the next period. (The latter will surely be accepted by all members.) Thus, in

indivisible games, any non premium-maximizing coalition will be blocked by some player.

Put in other words, all coalitions that are accepted with positive probability must be

characterized by the same (in the limit) premium. (Obviously, this also implies that

coalitions that do not form are characterized by weakly smaller premia, and that payoffs

for each player are the same in all of her coalitions that succeed with positive probability.)

As we have mentioned above this implies "equal loss", which together with equal payoff

for each player in all her coalitions that form with positive probability, and no higher

payoffs anywhere else, are the defining characteristics of a SCOOP.

Thus, subgame perfect, stationary equilibria in our protocol always lead to the SCOOP.

Moreover, as we have advanced, such an equilibrium always exists, for some distribution

µ (generically, many of them), so that the protocol implements the SCOOP.
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Proposition 4 There exists a non-empty (with generically a non-empty interior) set of µ

such that for δ suffi ciently large, the protocol has a subgame perfect, stationary equilibrium.

Thus, asymptotically, the equilibrium outcome is the outcome of a SCOOP.

The proof can be found in the Appendix. It uses an approach in line with that used

for the proof of Theorem 1 to prove, first, that there exist probability distributions over

coalitions proposed and accepted in 1.1 and payoffs that are consistent with equilibrium

for suffi ciently large δ < 1. This, once more, means rendering "equal losses", and equal

and maximum payoffs for a player in all her coalitions that form with positive probability.

Once these probability distributions are obtained, we show that there are mixing proba-

bilities for each player over their proposals in 1.1, and distributions µ, that is, Nature’s

probabilistic choice of who proposes in 1.1, whose combination result in those distributions

over proposed and accepted coalitions. The approach underlines both the uniqueness of

equilibrium outcomes and the continuum of distributions µ that, for a given cooperative

game (N, v), asymptotically implement this unique outcome. Indeed, the same distribu-

tion over coalitions (which we called p) may be generically obtained with a continuum of

probability distributions µ by changing the probabilities with which players mix in 1.1.

As long as the product of µ and these mixed strategies result in p, equilibrium (with the

same outcome) is preserved.

Thus, and returning to the discussion of rigidities, as long as a stationary equilibrium

is possible, the players’strategies in stage 1.1 will adjust to the random choice of Nature,

µ, so that the equilibrium outcome is unchanged. That is, generically, small changes

in µ, the exogenous part, do not result in changes in the prediction, but in changes in

behavior (proposals). In contrast, small changes in relevant fundamentals, like the worth

of coalitions that form with positive probability or affect "outside options", do affect the

equilibrium outcome.11 This is in contrast with traditional protocols, as we have discussed

above and, we argue, something that should be considered a check of whether the protocol

is suffi ciently flexible to not restrict the outcome of the game.

5 Examples

Having established existence, (generic) uniqueness (for indivisible games), and having

sketched a reasonable non-cooperative (set of) protocol(s) that implement the SCOOP,

11In this sense, we may view µ itself as endogenously determined by the fundamentals of the problem
(together with the concept of subgame perfection).
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we now turn to discussing the predictions following from this concept. To that end, let

us consider the simplest example, the three-player, three-cake problem.

Example 1. Let n = 3, v12 = 1, v13 = 0.7, v23 = 0.2, and vN = 0, where in this and

the rest of examples a subscript or upperscript ij (k) refers to the coalition of players i

and j (and k). The SCOOP includes p12 = 1. Player 1 cannot obtain u12
1 < 0.7. Indeed,

according to the definition of the SCOOP, if player 1 were to obtain less than 0.7 but

coalition (1, 2) formed for sure, then t13
1 + t13

3 (= u12
1 ) < v13, and hence player 1 would

prefer to team up with player 3 (u13
1 > u12

1 ), which would render p12 > 0 impossible.

Instead, if player 1 obtained more than 0.7 then the "threat" of leaving (1, 2) would cease

to be credible, since at most that player could get 0.7 in the alternative coalition. Player

1’s disagreement point in (1,2) would be zero, and so her payoff there would be only 0.5.

That is, the SCOOP satisfies the outside option principle. Thus, according to the SCOOP,

coalition (1, 2) will form, player 1 will obtain u1 = 0.7 and player 2 will obtain u2 = 0.3.

For completeness, the beliefs that sustain this outcome as the NBS of coalition (1, 2)

include λ13
12 = 4

7
, and λ23

12 = 3
7
. Also, no agreement in coalition (2, 3) is feasible, since

t23
2 + t23

3 = 0.3 > 0.2 = v23 and hence u23
2 = u23

3 = 0.. Finally, in coalition (1, 3) player 1

gets it all: t13
1 = u13

1 = 0.7.

This example illustrates the main characteristics of a deterministic SCOOP, which

hold more generally, as proved in Lemma 7 in the Appendix. First, only the effi cient

coalition can succeed with probability one. Hence, a deterministic SCOOP is tantamount

to an effi cient outcome. Second, a deterministic SCOOP is also characterized by the set

of relevant outside options. In the example, this set is a singleton (coalition (1, 3)). Even

though these coalitions have zero probability of success (they are simply counterfactu-

als) they influence the negotiation in the effi cient coalition. Formally, players reach an

agreement in those coalitions, and those players who also belong to the effi cient coalition

obtain the same payoff as in the effi cient coalition, whereas the rest obtain zero. Third, in

all other coalitions that represent non-credible outside options, all players obtain a zero

payoff, since the net surplus is negative (the sum of disagreement points is higher than

the value of the coalition. Fourth, the beliefs that support the payoffs in the effi cient

coalition must satisfy the "conditional equal loss" principle for all players that belong to

the effi cient coalition, the (counterfactual) expected losses associated with the failure of

negotiations in the effi cient coalition are the same.

Example 2. Consider the previous example, but with a higher worth of coalition
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(2, 3): v23 = 0.7. If we were to predict the success of the effi cient coalition with probability

one, then for any distribution of payoffs, at least one of the players would rather leave the

coalition and join forces with player 3. In this game, the SCOOP predicts a probabilistic

outcome. In particular, p12 = 5
9
, p13 = p23 = 2

9
. Of course, players obtain their payoffs only

in case they belong to the winning coalition, but if they do, their payoffs are u1 = u2 = 0.5,

u3 = 0.2, independently of the specific winning coalition. In other words, players 1 and 2

obtain 0.5 with probability 7
9
(and zero with probability 2

9
) and player 3 obtains 0.2 with

probability 4
9
(and zero with the complementary probability).

This example illustrates the main characteristics of a probabilistic SCOOP, which hold

more generally, as proved in Lemma 8 in the Appendix. First, the number of coalitions

that succeed with positive probability is generically greater than or equal to three. Any

player that belongs to more than one of these coalitions obtains the same payoffs in all of

them. Second, players’payoffs in these coalitions exhaust the full value of the coalition.

Third, the probability distribution satisfies the "equal loss" property: the expected loss

of each player that belongs to at least one of these coalitions, with respect to the ideal

scenario where all players obtain their payoffs with probability one, is the same for all

players. Fourth, coalitions with zero probability of success have a worth inferior to the

sum of the players’payoffs (if a player does not belong to any of the coalitions with a

positive probability of success, then we impute a payoff equal to the "equal loss").

The reader has probably noticed that the game in Example 2 has a non-empty core

and the SCOOP is deterministic, and the payoffs are a selection of that set. In contrast,

the game in Example 2 has an empty core and the SCOOP is probabilistic (and, hence,

ineffi cient). For three-player games, this is always so: if the core is non-empty, then the

SCOOP is deterministic, and the most egalitarian imputation in the core. Otherwise, the

SCOOP is probabilistic.

This, however, is special for three-player games. For more general games, the non-

emptiness of the core is necessary, but not suffi cient, for the SCOOP to be deterministic.

Indeed, consider the following example.

Example 3. n = 4, v123 = 1, v14 = v24 = 0.45, and the value of all other coalitions is

zero. Note that the core is not empty. All imputations that give players 1 and 2 at least

0.45, and player 3 any non-negative payoff, belong to the core. Yet, the SCOOP is not

deterministic in this game.

To understand this, consider a particular imputation in the core, for instance (0.45, 0.45, 0.1, 0).
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Such an imputation can be justified as follows. First, if either player 1 or player 2 were to

obtain less than 0.45, then she could threaten to leave coalition (1, 2, 3) and form coalition

(1, 4) or (2, 4) instead. This means that player 3 can only aspire to a payoff of 0.1. This

is the logic of the core. Notice, however, that the claims by players 1 and 2 are mutually

exclusive. Indeed, if player 1 teams up with 4, then player 2 cannot do so. That is, if

player 1’s claim is taken at face value, then player 2 has no legitimate claim, and so there

is no reason for player 3 to concede a payoff of 0.45 or more to both players 1 and 2. This

is essentially the reason the SCOOP of this game cannot predict that the effi cient coalition

will succeed with probability one. Indeed, if that were predicted, then the payoff distrib-

ution would have to include u123
1 = u123

2 = 0.45: as in example 1, this would be necessary

for players 1 and 2’s "outside option" in coalition 123 to be relevant and both players

to be willing to join that coalition. Hence, the unique payoff vector compatible with an

effi cient outcome is (0.45, 0.45, 0.1, 0). But these payoffs are the NBS of the negotiations

in the effi cient coalition only if players 2 and 3 have disagreement payoff of 0.35 in that

coalition, since player 3 has zero disagreement payoff. That is, 0.45λ14
123 = 0.45λ24

123 = 0.35

(or, equivalent, the "conditional equal loss" is satisfied: 0.45
(
1− λ14

123

)
= 0.45

(
1− λ24

123

)
= 0.1), which implies that λ14

123 = λ24
123 = 7

9
. Hence, since λ14

123 + λ24
123 > 1, there are no

consistent beliefs that can sustain that payoff vector.

In contrast, the SCOOP of this game is probabilistic. In particular, p123 = 4
5
, p14 =

p24 = 1
10
, and the payoffs conditional on success are u1 = u2 = 0.4, u3 = 0.2, u4 = 0.05.

6 More on the core: The CNBS and the SCOOP

The existence and uniqueness results stated in Section 3 are independent of whether or

not the game has an empty core. However, the previous examples do suggest that there

is a certain relation between the core and the nature of the SCOOP.

Indeed, the definition of a SCOOP implies that if the solution is deterministic then the

payoffs must be an imputation of the core: In such a SCOOP, the disagreement payoffs

in each unsuccessful coalition are equal to the players’payoffs in the winning coalition;

so a coalition that could block the proposed imputation would exhibit a worth strictly

above the sum of those payoffs. Therefore, by the first line in 1 in the definition of a

SCOOP, players would get in the blocking coalition more than their disagreement payoff

(the payoff in the winning SCOOP), which would contradict part 3 of the definition of

the SCOOP. The same reasoning shows that if the core is empty, then the SCOOP will
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necessarily be probabilistic.

We should also note that the outside option principle embedded in the definition of

the SCOOP places very drastic restrictions on the core imputations that can be part of a

deterministic SCOOP. In particular, in a deterministic SCOOP a unsuccessful coalition

may affect the payoffs in the winning coalition only if the sum of disagreement payoffs

adds up exactly to the worth of the coalition (zero net surplus). Thus, players who also

belong to the winning coalition obtain in this unsuccessful coalition the same payoff as in

the winning coalition. Indeed, in the previous paragraph we argued that the disagreement

payoffs in the unsuccessful coalition cannot add up to less than the worth of the coalition.

In addition, if they added up to more than the worth of the coalition, line 2 of part i) of

the definition of the SCOOP would make payments in these coalition zero and so would

make the coalition irrelevant. Hence, in a deterministic SCOOP, the players can at most

obtain in the winning coalition the same payoff they could also get in the unsuccessful,

yet influential, coalitions.

The last remark means that for any coalition s such that the worth of the coalition

coincides with the sum of disagreement payoffs, and for any player i who belongs to both

s and e, it must be the case that uei = usi . This, together with the first line of part 1 in

the definition of a SCOOP (equal sharing of the net surplus), imply that,

uei −
∑
s3i

λesu
e
i = uei − uei

∑
s3i

λes

= uej − uej
∑
s3j

λes,

and so
uei
uej

=
1−

∑
s3j λ

e
s

1−
∑

s3i λ
e
s

. (1)

This expression, of course, is nothing but the conditional equal loss property of the

SCOOP. These observations readily explain the relationship of our theory with the the-

ory of coalition formation recently proposed by Compte and Jehiel (2010). They propose

a solution concept for games with a non-empty core, the CNBS, as that imputation in

the core that maximizes the Nash product. The SCOOP also exists when the core is

empty. But even when the core is non-empty, Example 3 shows that the SCOOP can be

probabilistic and hence different from the CNBS. But when the SCOOP is deterministic,

it does coincide with the CNBS. Let us see why this is so, and what may make these two

concepts different even when the CNBS exists.
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As we have mentioned, the CNBS is an imputation (x1, x2, ..., xn) that solves:

max
x∈Rn+

Πi∈Nxi (2)

s.t.
∑

i∈N xi ≤ vN ,∑
i∈s xi ≥ vs, ∀s 6= N.

When the core is non-empty, the CNBS always exists and is unique, as the core is a convex

set, and the objective function is a strictly quasi-concave function. The solution to this

problem satisfies the first order conditions

Πi∈Nxi = xi
(
φ−

∑
s3i δs

)
, ∀i, (3)

δs
(∑

i∈s xi − vs
)

= 0, ∀s,

where δs is the Lagrange multiplier of the restriction in (2) associated to coalition s and φ

the one corresponding to the grand coalitionN . Now, dividing the first condition by φ > 0

for players i and j, and then those expressions for these two players, we obtain (1) with only

setting xi = uei and λ
e
s = δs/φ. (We should add the condition that

∑
i∈e xi =

∑
i∈e u

e
i = ve

which both solutions must satisfy.) Thus, a deterministic SCOOP must coincide with the

CNBS. But the deterministic SCOOP requires more that these conditions: it also requires

that
∑

s λ
e
s ≤ 1.

Compte and Jehiel (2010) also define Property P1, that holds if and only if φ−
∑

s δs ≥
0. That is, if the value of all coalitions increase by an infinitesimal unit then the Nash

product does not decrease.12 That is exactly the additional condition that a deterministic

SCOOP satisfies.

Remark As we show in the proof of Theorem 2, the SCOOP is effi cient (and hence

deterministic) if and only if the game has a non-empty core and Property P1 holds.

We may offer a more intuitive reading of this result. For simplicity, we focus on games

where the value of the grand coalition is maximal. Recall that the multiplier δs may be

interpreted as the decrease in the value of the objective function in (2) associated to the

increase by an infinitesimal unit of vs, and φ as the per unit increase in the value of the

objective function when vN increases. Of course, δs > 0 if and only if the constraint is

12One of the key results in Compte and Jehiel (2010) is that the limiting equilibrium of a particular
non-cooperative bargaining protocol (random proponent) is effi cient if and only if the game satisfies
Property P1.
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binding: that is, when
∑

i∈s xi = vs. Thus, compensating for a unit increase in vs so

that the value of the Nash product remained unchanged would require an increase of δs/φ

units in vN .

But why does an increase in vs require an increase in vN for the Nash product to

remain unchanged? If the division of surplus in the grand coalition was based on Nash

theory, the answer would be that this is what is needed to accommodate the change in

"claims" (disagreement payoffs) resulting from the change in vs. (Starting at an optimum

(x, δ, φ) of the Lagrange problem, the envelope theorem tells us that the induced change

in that solution associated to the change in the parameters has only a second order effect

on the objective function, and so we can ignore it.) That is, a unit increase in vs must

result in an increase by δs/φ of the sum of the players’ disagreement payoffs. But if

the disagreement payoffs are themselves based on some counterfactual, λN , the sum of

these disagreement payoffs for all players in the negotiations in N is
∑

r 6=N λ
N
r vr. Thus,

the effect on this sum of a unit increase in vs is simply λ
N
s and so the two observations

imply that δs/φ = λNs . Therefore, the consistency of counterfactuals requires that these

probabilities (of coalitions where
∑

i∈s xi = vs) add up to no more than 1. That is,

Property P1 must be satisfied.

When Property P1 is not satisfied, any payoffs consistent with Nash bargaining theory

in the winning coalition are based on disagreement points that are not based on consistent

counterfactuals. That is, that could not be justified by some common beliefs of the

players about what would happen if that coalition was to fail, and respected part 3 of the

definition. Thus, for such cases, even if there are imputations that satisfy the restrictions

of the core (and so even if the CNBS is well defined), the SCOOP predicts a probabilistic

outcome.

7 Computing the SCOOP

The SCOOP of a game can be easily computed following the characterization discussed in

Section 6 and formally proved in the Appendix (Lemmas 8 and 7). In the case of games

with a relatively small number of players and/or small number of relevant coalitions,

computing the SCOOP is straightforward. More generally, we can use the following

algorithm, which can be easily programmed with a numerical computation software.13

13If the effi cient coalition is the grand coalition, stage 1 in this algorithm is simply the algorithm to
solve the Kuhn-Tucker conditions for the optimization problem that defines the CNBS.
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1) Looking for a deterministic SCOOP.

1.a: For each subset Z of coalitions in S − e, obtain the solution (λe,u,ω̃), where

λe ∈ R#Z , u ∈ R#e and ω̃ ∈ R to the system14(
1−

∑
s3i,s∈Z

λes

)
ui = ω̃, ∀i ∈ e∑

i∈s
ui = vs, ∀s ∈ Z ∪ {e} .

1.b: Check that ω̃, λes, ui ≥ 0,
∑

s∈Z λ
e
s ≤ 1, and

∑
i∈s ui ≥ vs for all s /∈ Z.

1.c: If success, stop; otherwise, return to 1.a with a different set Z if there is at least

one left; otherwise, go to 2.

2) Looking for a non-deterministic SCOOP.

2.a: For each subset Z of coalitions in S, define I as the set of players that belong to

at least one coalition in Z, and obtain the solution (p,u,ω), where p ∈ R#Z , u ∈ RI+ and
ω ∈ R+ to the system (

1−
∑

s3i,s∈Z
ps

)
ui = ω, ∀i ∈ I,∑

i∈s
ui = vs, ∀s ∈ Z,∑

s∈Z
ps = 1.

2.b: Check that ω, ps, ui ≥ 0, and if i /∈ I, impute ui = ω, and check
∑

i∈s ui ≥ vs for

all s /∈ Z.
2.c: If success, stop; otherwise, return to 2.a with a different set Z.

Our results imply that there is a (generically unique) solution to this algorithm.

8 Concluding remarks

We have proved that, for any game in characteristic function form, indivisible or not,

monotone or not, it is possible to model simultaneous negotiations à la Nash with consis-

tent counterfactuals and obtain a prediction, a SCOOP.

Our uniqueness result applies only to indivisible games. As we have already pointed

out, beyond this class of games (and imposing that only one coalition can form) there is

no hope that the SCOOP, as defined here, (generally) results in such sharp predictions.

14If the game has more than one effi cient coalition, pick any of them.
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We have also argued that this, far from a weakness, should be considered an indication

that the SCOOP is parsimonious in using information that may not be contained in the

fundamentals. Yet, related to this point, the ideas that we have discussed in this paper

may be of interest for investigating other classes of games, in particular games where

(general types of) externalities are allowed, and also more than one disjoint coalitions can

form. That is, games in partition function form. For games in partition function form,

a similar concept would have to predict a probability distribution, p, over partitions of

N rather than over coalitions Other than that, bargaining in each coalition could still be

modeled as here. That is, part (i) of the definition may remain as is. The disagreement

point should then be defined in terms of counterfactuals to the coalition. That is, our λrρ
should be interpreted as the probability that the partition ρ forms if negotiations in r fail.

That should be constructed (when possible) as the Bayes posterior, so that, in particular,

λrρ = 0 if ρ contains r as an element, and the interpretation of uri in (ii) would have to be

the payoff to i in the coalition in ρ that contains i. Finally, the extension of (iii) would

only apply for i and ρ so that the coalition in ρ that contains i is not a singleton.15
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10 Appendix

10.1 Proof of Theorem 1

Given a vector p = {ps}s∈S, consider the equation

B · x = −p · v · 1, (4)

where 1 is the vector of dimension n with all components equal to 1, v = {vs}s∈S and B
is the n× n matrix whose element bij = −1 if i 6= j and

bii = n(1− qi)− 1,

where qi =
∑

s3i ps. Let ∆ε denote the convex, compact set

∆ε = {p ∈ ∆ : pr ≥ ε ∀r ∈ S} .

where ∆ is the simplex in R|S|. Also, let ∆∪ = ∪ε>0∆ε, and let

∆q = {p ∈ ∆ : qi < 1 ∀i ∈ N} .

Note that ∆∪ ⊂ ∆q. We first prove the following lemma.

Lemma 5 B is invertible on ∆q. Thus, (4) defines x(p) as an implicit, differentiable

function on ∆q.

Proof. Let bi denote the ith diagonal element of B. Substract the last row from all other

rows of the matrix. The resulting matrix has zeros in all components of the rows 1 through

n − 1 except in the diagonal and in the last column. In row i, the diagonal element is

bi + 1, and the element in the last column −(bn + 1). Now multiply each row i, from 1

through n − 1, by 1
bi+1

and add all of them to row n. We then have a triangular matrix

22



(all components below the diagonal are zeros). Thus, the eigenvalues of this matrix are

the elements of the diagonal: bi + 1 = n(1− qi) for each i < n and

bn − (bn + 1)

[∑
i 6=n

1

bi + 1

]
. (5)

This eigenvalue is also nonzero. Indeed, we can write (5) as

(bn + 1)

[∏n
i=1(bi + 1)−

∑n
i=1

∏
j 6=i(bj + 1)∏n

i=1(bi + 1)

]

= −(1− qn)
n∑
i=1

qi
1− qi

< 0

Since this matrix is obtained by row operations on B, we conclude that B also has a

nonzero determinant.

Note that xi(p)(1− qi) is the same for all players, and equals

w =

∑
j xj(p)− p · v

n
. (6)

Also, we construct another function, z : ∆q → R|S|, based on x, and defined as zs(p) =∑
i∈s xi(p) − vs. z(p) satisfies an important property: for any p ∈ ∆q, p · z(p) = 0.

Indeed, adding the n equations in (4),

∑
s∈S

ps

(∑
i∈s

xi(p)−vs

)
=
∑
i∈N

qixi(p)− p · v = 0.

As a consequence, we cannot have that zs(p) > 0 for all s ∈ S. Also, by the same

argument, we cannot have that p puts positive weight only on s such that zs(p) < 0.

To complete the definition of x(p) and z(p) for the case p ∈ ∆ − ∆q, consider any

sequence {p(l)} → p, and define x(p) = liml x(p(l)) and z(p) = liml z(p(l)). Note that

every point of ∆ is a limit point of ∆q and x is continuous, so this continuous extension

is well defined. Also, note that p · z(p) = 0 even for p ∈ ∆−∆q.

Using these functions, and for arbitrary, given ε > 0, we construct a correspondence

h : ∆ε � ∆ε as follows:

hε(p) =

{
p̃ ∈ ∆ε : p̃∈ arg min

p∈∆ε
pz(p)

}
.

Note that pz(p) is a linear function of p and so hε(p) is non-empty and convex. Finally,

z is continuous, and then trivially hε is upper hemi-continuous. Thus, from Kakutani’s

fixed point theorem, we conclude that hε has a fixed point in ∆ε.
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Some properties of these fixed points, and the limit points of sequences of these fixed

points are important here. Consider a sequence {ε(l)} → 0 and a corresponding sequence

of fixed points p(l) for the correspondence hε(l). The sequence is in a compact set, ∆.

Moreover, define

λ̃
s

r(l) =
p(l)r − ε(l)
1− p(l)s

∈ [0, 1] . (7)

λ̃
s
(l) is also a sequence in a compact set, [0, 1]|S|−1, for all s and l. Then, the sequence

p(l) contains a subsequence that converges and where λ̃
s
(l) also converges for all s. Note

that λ̃
s

r(l) ≥ 0 and so, whenever ps < 1,

lim
l

∑
r 6=s

λ̃
s

r(l) = lim
l

1− p(l)s − nsε(l)
1− p(l)s

= 1 (8)

Thus, the limit p is a probability distribution, and the limits λ̃
s
when ps < 1 are proba-

bility distributions and satisfy λ̃
s

r = pr
1−ps . (Also, when ps = 1 the left hand side of (8) is

positive and less than 1.) Moreover

Lemma 6 z(p) ≥ 0.

Proof. Assume otherwise. That is, assume that zs(p) = β < 0. The continuity of z

implies that for l large, zs(p(l)) < β/2. Thus, pr(l) = ε(l) for all r such that zr(p(l)) >

β/2. Therefore, in the limit, p · z(p) < 0, which contradicts the fact that, for all p,

p · z(p) = 0.

Given those limits p and λ̃
s
, we now construct a candidate SCOOP as the four-tuple{

{usi}i∈s , {tsi}i∈s , ps, {λ
s
r}r 6=s

}
s∈S

where:

1) ps are the components of the vector p;

2) λs = λ̃
s
whenever ps < 1. When ps = 1, λsr = λ̃

s

r if zr(p) = 0 and
∑

r 6=s λ
s
r = 1;

3) If ps > 0, then usi = xi(p), If ps = 0, then we define tsi = qixi(p), and usi according

to i) in the definition of a SCOOP for these threat points.

4) If ps > 0, then tsi =
∑

r3i,r 6=s λ
s
ru

r
i , where u

r
i and λ

s
r are as defined in 2) and 3).

Note that in 2) we have not completely defined λs when ps = 1. Indeed, any probability

distribution λs satisfying what is required in 2) works, as we show below. It is important

to notice that, given the definition of hε, λ̃
s

r(l) = 0 for suffi ciently large l, and so λ̃
s

r = 0,

whenever zr(p) > 0. Likewise, λ̃
s

r > 0 only if zr(p) = 0, in which case uri = xi(p). Also,

even if ps = 1,
∑

r 6=s λ̃
s

r ≤ 1.

We show that this four-tuple satisfies the definition of a SCOOP. First, from (7)

and 2), λsr = pr
1−ps when ps < 1 as required in (ii). Also, if p > 0, we have defined
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tsi =
∑

r3i,r 6=s λ
s
ru

r
i . Finally, prxi(p) = 0 when pr = 0, and prxi(p) = pru

r
i if pr > 0.

Moreover, if ps = 0 then λsr = pr, and so
∑

r3i,r 6=s λ
s
ru

r
i = qixi(p). Thus, (ii) is satisfied.

That also implies that, from 3), (i) is satisfied for s such that ps = 0. For s such that

ps ∈ (0, 1) (and so zs(p) = 0), we have that (1− qi)usi = (1− qj)usj for all i, j ∈ s, and so,
dividing both sides of the equality by (1 − ps) and simplifying, taking into account that
λsr = λ̃

s

r = pr
1−ps in this case and u

s
i = uri for all r with positive probability, we have

usi −
∑

r3i,r 6=s λ
s
ru

r
i = usj −

∑
r3j,r 6=s λ

s
ru

r
j ,

which together with zs(p) = 0 implies (i). Therefore, it only remains to check that (i) is

satisfied for s such that ps = 1. Note that, in this case, uri > 0 only if zr(p) = 0, and

in these cases λsr = λ̃
s

r and u
r
i = xi(p) according to 2) and 3). Then, according to 4),

tsi =
∑

r3i,r 6=s λ̃
s

rxi(p), and so usi − tsi = xi(p)(1−
∑

r3i,r 6=s λ̃
s

r). But,

xi(p(l)) (1− qi(l)) = xi(p(l))

(
1−

∑
r3i

pr(l)

)

= xi(p(l)) (1− p(l)s)
(

1−
∑

r3i,r 6=s

p(l)r − ε(l)
1− p(l)s

)

= (1− p(l)s)xi(p(l))

(
1−

∑
r3i,r 6=s

λ̃
s

r(l)

)
.

Thus, since xi(p(l)) (1− qi(l)) is common to all players, xi(p(l))
(

1−
∑

r3i,r 6=s λ̃
s

r(l)
)
is

also common to all players in s, and so this is also the case in the limit. Therefore,

usi − tsi = usj − tsj ≥ 0, for all i, j ∈ s, which, again, together with zs(p) = 0 implies (i).

Turning to (iii), we need only show that if pr = 0 then uri ≤ xi(p). Note that, if

pr = 0, then

uri = qixi(p)+
1

nr
(vr −

∑
j∈r qjxj(p)),

so that, adding and substracting 1
nr

∑
j∈r xj(p), xi(p)−uri is

(1− qi)xi(p)− 1

nr
(vr −

∑
j∈r xj(p) +

∑
j∈r(1− qj)xj(p)) ≥ 0,

where the inequality follows from zr(p) ≥ 0, and again the fact that (1− qi)xi(p) =(1−
qj)xj(p) for all i, j.

10.2 Proof of Proposition 3

We will limit attention to equilibria where players that are indifferent between accepting

and rejecting in (2.2) accept: if that were not so, then the proposer’s best offer in 2.1

25



would not be defined, and that open set problem would be incompatible with equilibrium.

Suppose that we have a limit point of a sequence (in δ) of equilibrium outcomes for

the protocol µ. Let ϕs(δ) be the probability that coalition s forms in the equilibrium

when the discount is δ, and let ϕs be the limit point of that sequence. Also, let Z+ be

the set of coalitions s such that ϕs > 0. Similarly, we let xsi (δ) be the expected payoff

of player i if coalition s is proposed in 1.1) and everybody accepts in 1.2, and Ui(δ) be

the equilibrium payoff; that is, the expected payoff of payer i at 1) before Nature selects:

Ui(δ) =
∑

s3i ϕs(δ)x
s
i (δ). We let x

s
i and Ui respectively to be the limits of these sequences.

When there is no risk of ambiguity, we will drop the index δ from the corresponding

variable.

Note that, for any s with ϕs(δ) > 0, that is, any s that succeeds with positive proba-

bility,

xsi (δ) =
1

ns

(
vs − δ

∑
j 6=i,j∈s Uj(δ) + δ(ns − 1)Ui(δ)

)
(9)

= δUi(δ) +
1

ns

(
vs − δ

∑
,j∈s Uj(δ)

)
,

and so xsi − δUi = xsj − δUj for any i, j ∈ s. Define ωs(δ) = 1
ns

(
vs − δ

∑
,j∈s Uj(δ)

)
, and

accordingly ωs = 1
ns

(
vs −

∑
,j∈s Uj

)
.

We begin by showing that ωs must be the same for all s in Z+ and smaller for all s not

in Z+. Suppose the contrary, that ωs is maximum and there is some other s′ in Z+ with

ωs > ωs′ . Let s∗(δ) be the coalition at which ωr(δ) attains a maximum when the discount

factor is δ. Then, ωs∗(δ) ≥ ωs(δ) and so, for large δ, δωs∗(δ) − (1 − δ)Ui(δ) > ωs′(δ).

Thus, if s′ is proposed, player i ∈ s∗ ∩ s′ will never accept: she can reject and propose s∗

in the following period which, as ωs∗(δ) is maximal, will be accepted with probability 1.

This contradicts the fact that ϕs′ > 0, and then shows that ωs, and so xsi as well, must be

the same for all s in Z+. A similar argument shows the other part: ωs cannot be larger

for s /∈ Z+.

Now, define

ps = ϕs.

For the rest of the values that define a SCOOP, we consider three cases.

Case 1: Suppose that ps < 1 for all s ∈ S. Define λs as in (ii) of the definition of a
SCOOP; usi = xsi for all s ∈ Z+; and then tsi also according to (ii) in the definition of

a SCOOP. (Note that, in this case, this definition is independent of the values of usi for
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s /∈ Z+.) Finally, define usi for s /∈ Z+ according to (i) in the definition of SCOOP. We

show that this is a SCOOP. We need to show only that usi = ui for some value ui for all

i and all s ∈ Z+, and usi for s ∈ Z+ satisfies (i) in the definition of the SCOOP. Also,

that usi ≤ ui for all i ∈ s /∈ Z+. The first claim is immediate: since ωs is common for all

s ∈ Z+, (9) implies that xsi is also the same for all s ∈ Z+; also, letting ui be this common

value,

tsi =

∑
r3i,r 6=s prui

1− ps
=
Ui − ϕsui

1− ϕs
, (10)

and so from (9), ui−tsi = ωs. That is, ui−tsi is common to all i ∈ s, and since
∑

i∈s x
s
i = vs,

(i) follows. The second claim follows also from (10), noticing that when ps = 0, tsi = Ui

so that usi is either 0 or Ui + ωs, and the fact that ωs is smaller for s /∈ Z+. Thus, the

limit outcome is indeed the outcome of a SCOOP.

Case 2: Suppose that ps = 1 for some s ∈ S. Also, suppose that ϕr = 0 for all r 6= s

and all δ > δ′ for some threshold δ′. Then, define λsr = 0 and λrs = 1, for all r. Define

usi = xsi and then t
r
i according to (ii) in the definition of the SCOOP for all r, and then

uri according to (i) in the definition of the SCOOP for all r 6= s. The same arguments

used before imply that ui − tsi is common to all i ∈ s and so (i) is satisfied, and also that
ωs ≥ ωr for any r, and then (iii) is also satisfied. Thus, once again, the limit outcome is

the outcome of a SCOOP.

Case 3: Finally, suppose that for all values of δ′, ϕs′(δ) > 0 for some δ > δ′ for some

coalition s′. Consider any sequence of such δ and define λsr as a limit point of
ϕr(δ)

1−ϕs(δ)
for

all r 6= s. (The sequence is well defined, as the denominator is positive for all terms of the

sequence. Also, all these terms are smaller than 1. Thus, we have constructed a sequence

in a compact set, so that indeed a limit point exists.) Also, define λrs = 1 for all r. We

define again usi = xsi and accordingly t
i
r for all r 6= s. Then, define again uri according to

(i) in the definition of a SCOOP, and tsi accordingly. Noticing that, again by the same

argument as before, ws cannot be smaller than any ωr, we conclude both that usi satisfies

(i) and that (iii) is satisfied. (Note that the probabilities, ps = 1, and the payoffs, usi = xsi ,

are unique, independently of the limit point and the sequence ϕ selected.) This concludes

the proof.

10.3 Proof of Proposition 4

We will restrict our search to equilibria where xsi = ui for all s ∈ Z+ = S+, where ui is as

defined in the SCOOP. Note that (9) implies a modified version of the equal loss property.
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Indeed, for any two players in s, the last term is common, and so equilibrium requires

that

ui(1− δ
∑

s3i,s∈S+ ϕs) = w

for all i ∈ ∪S+. Thus, we begin by proving that this system has a solution {ϕs}s∈S+ with∑
s∈S+ ϕs = 1. That is, the following linear system has a positive solution

C+ ·
[
w
ϕ

]
=

[
u
1

]
, (11)

where u is the N -dimensional vector with components ui, and ϕ is the m-dimensional

vector with components ϕs, with m = |S+|, and C+ is the (N + 1)× (m+ 1) matrix

C+ =


1 δI(1, s1)u1 ... δI(1, sm)u1

... ... ... ...
1 δI(N, s1)uN ... δI(N, sm)uN
0 1 .. 1

 ,
where I(i, s) is an indicator function that takes the value of 1 if i ∈ s and 0 otherwise.

Note that, for δ = 1, this system has a solution: the probabilities ps and the "loss" w in

the SCOOP. Denote this solution by (w∗, ϕ∗). Also note that the space spanned by the

rows of the matrix C+ is the same as the one spanned by those of the matrix Ĉ+ obtained

by multiplying each of its N rows by 1/δ. (u, 1) belongs to this space: in this basis Ĉ+,

(u, 1) has coordinates (δw∗, ϕ∗). Thus, (u, 1) belongs to the space spanned by C+ and so

a solution to the system (11) indeed exists. Moreover, since ϕ∗s > 0, the new coordinates

(w,ϕ) are all positive for suffi ciently large δ.

Let θis denote the probability that player i proposes coalition s if chosen by Nature in

step 1.1. We now show that there exists a protocol µ and probabilities θis such that, for

all i and δ suffi ciently large: proposing according to θis in 1.1; accepting in 1.2 if s ∈ S+;

rejecting otherwise and then proposing in the next period according to θis; accepting any

offer weakly above δ
∑

s3i ϕsui in 2.2, and rejecting otherwise; offering that much if in 2.1,

and s ∈ S+ (and otherwise asking for vs); is an equilibrium and

ϕs =
∑

i∈N µiθ
i
s. (12)

If µi and θ
i
s exist such that (12) is satisfied, and since x

s
i = ui for all s ∈ S+, the result

would follow as long as θis = 0 if i /∈ s. The existence of such solutions is trivial. For
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instance, given ϕ, we may set

µi =
∑

s3i,s∈S+
ϕs
ns
,

θis =

{ ϕs
ns

1
µi

if i ∈ s ∈ S+

0 otherwise
.

Note that µi = 0 if i /∈ ∪S+. Also, if i ∈ ∪S+, then
∑

s∈S θ
i
s = 1, and also∑

i∈N
µi =

∑
i∈N

∑
s3i
s∈S+

ϕs
ns

=
∑
s∈S+

ϕs = 1.

10.4 Uniqueness

We now prove Theorem 2, the generic uniqueness of the SCOOP. For that purpose, we

begin by formally stating and proving certain properties.

Lemma 7 σ =
{
{usi}i∈s , {tsi}i∈s , ps, {λ

s
r}r 6=s

}
s∈S

is a non-deterministic SCOOP only if

it satisfies: (a) usi = ui for some ui, for all s ∈ S+(σ) and for all i ∈ ∪S+(σ), where

S+(σ) = {s ∈ S s.t. ps > 0}. (b)
∑

j∈s uj − vs = 0 for all s ∈ S+(σ). (c) There exists

ω ≥ 0 such that (1− qi)ui = ω, for all i ∈ ∪S+(σ). (Equal loss property.) In fact, ω̃ > 0

unless vs = ve ∀s ∈ S+(σ). (d) Let uk = ω, ∀k /∈ ∪S+(σ); then
∑

j∈s uj − vs ≥ 0 for all

s /∈ S+(σ).

Proof. In a random SCOOP, |S+(σ)| ≥ 2. From part (iii) in the definition of SCOOP,

any player that is in more than one coalition in S+(σ) must be indifferent between them.

Hence, usi = ui for all i ∈ s and all s ∈ S+(σ). This is point (a). Suppose that vs−
∑

i∈s ti <

0 for all s ∈ S+(σ). Then, usi = 0 for all i ∈ s and s ∈ S+(σ). This implies that tri = 0,

for all i and r, and so usi > 0 for s such that vs > 0, from part (i) of the definition

of SCOOP, which is a contradiction except in the trivial game where vs = 0 for all s.

Now suppose that vs −
∑

i∈s ti < 0 for some s ∈ S+(σ), so that usi = 0 for all i ∈ s.

From part (a), this implies that ui = 0 for all players in s, and so
∑

i∈s ti = 0 which

contradicts vs −
∑

i∈s ti < 0. Thus,
∑

j∈s uj − vs = 0, which is point (b). Consider a

coalition s ∈ S+(σ). Since tsi = qi−ps
1−ps ui for all i ∈ s, then from (i) in the definition of a

SCOOP we can write

ui =
qi − ps
1− ps

ui +
1

ns

(
vs −

∑
j∈s

qj − ps
1− ps

uj

)
,
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which, using
∑

j∈s uj = vs from (b), is equivalent to

(1− qi)ui =
1

ns

(
vs −

∑
j∈s

qjuj

)
≡ ωs.

The right hand side, ωs, is common to all players i ∈ s. Since any two coalitions in

S+(σ) share at least one player, then (1− qi)ui = ω for all players i ∈ ∪S+(σ), for

ω = 1
ns

(
vs −

∑
i∈s qiui

)
≥ 0. We will show below that in fact ω > 0, unless the game has

more than one effi cient coalition. Consider now a coalition s /∈ S+(σ). If vs−
∑

i∈s t
s
i ≥ 0,

then for all i ∈ s,

usi = qiui +
1

ns

(
vs −

∑
j∈s

qjuj

)
.

Equivalently,

(1− qi)usi =
1

ns

(
vs −

∑
j∈s

qjuj

)
≡ ωs. (13)

From part (iii) of the definition of SCOOP, usi ≤ ui for all i ∈ ∪S+(σ). Hence,

(1− qi)ui ≥ ωs. (14)

Also, let uk = ω obtained above for every player k /∈ ∪S+(σ), i.e., so that qk = 0. Thus,

ui ≥ usi for all i, and then, adding (14) for all i ∈ s, and taking (13) into account,∑
i∈s

(1− qi)ui ≥ nsωs = vs −
∑
i∈s

qiui,

or, equivalently, ∑
i∈s

ui ≥ vs.

This is point (d). Finally, we show that ω > 0 unless there is more than one effi cient

coalition. Indeed, suppose ω = 0. This implies that qi = 1 for all i ∈ ∪S+(σ) such that

ui > 0. That is, ui > 0 only for players in ∪S+(σ) that belong to all coalitions in S+(σ).

If we denote by e one of the effi cient coalitions, then for all r ∈ S+(σ), and from (b),

vr =
∑
i∈r

ui ≥
∑
i∈e

ui ≥ ve,

which implies that vr = ve and only players that belong to r ∪ e obtain a positive payoff.
Hence, ω̃ = 0 can only occur in games in which there is more than one effi cient coalition,

otherwise ω > 0. This completes the proof of point (c).

30



Lemma 8 σ =
{
{usi}i∈s , {tsi}i∈s , ps, {λ

s
r}r 6=s

}
s∈S

is a deterministic SCOOP, pr = 1, only

if: (a) Coalition r is an effi cient coalition. (b) For all s ∈ S0(σ) and i ∈ s, usi = ui for

some ui, and
∑

j∈s∩r uj − vs = 0, where S0(σ) =
{
s ∈ S, s.t.

∑
i∈s u

s
i = vs

}
. Moreover,

for all s, usi = 0 if i /∈ r. (c) For all s /∈ S0(σ),
∑

j∈s∩r uj − vs > 0. (d) There exists

ω̃ ≥ 0 such that (1− q̃i)ui = ω̃ for all i ∈ r. (Conditional equal loss property.) In fact,
ω̃ > 0, unless s ∈ S0(σ) implies vs = vr.

Proof. If pr = 1, then for all s 6= r, tsi = uri if i ∈ r ∩ s, and tsi = 0 otherwise. Also,∑
i∈r t

r
i ≤ vr, as otherwise uri = 0 and tsi = 0 for all s, and so usi > 0 for s such that vs > 0,

which contradicts part (iii) of the definition of a SCOOP. Hence,
∑

i∈r u
r
i = vr, from (i) in

the definition of a SCOOP. Let ui = uri for all i ∈ r. If
∑

i∈s t
s
i (=

∑
i∈s∩r ui) < vs, then

for all i ∈ s∩ r, usi > ui, which contradicts part (iii) of the definition of a SCOOP. Hence,∑
j∈s∩r uj − vs ≥ 0 for all s. Also, if s 6= r and

∑
i∈s t

s
i (=

∑
i∈s∩r ui) = vs, then from part

(i) of the definition of a SCOOP, usi = ui if i ∈ s ∩ r and (tsj =) usj = 0 if j /∈ r. Finally,
also from part (i) of the definition of a SCOOP, usj = 0 for all j if

∑
i∈s t

s
i > vs, and this

concludes the proof of (b). From the definition of S0(σ), and since
∑

j∈s∩r uj − vs ≥ 0

for all s, we have that
∑

i∈s t
s
i =

∑
i∈s∩r u

r
i > vs for all s /∈ S0(σ), which proves (c). Also,

from what we have just proved,

vr =
∑
i∈r

uri ≥
∑
i∈r∩s

ui ≥ vs,

for every s ∈ S, and so r is an effi cient coalition. This proves (a). Note that, for i ∈ r,
tri = q̃iui. Hence,

ui = q̃iui +
1

nr

(
vr −

∑
j∈r

q̃juj

)
.

Letting ω̃ = 1
nr

(
vr −

∑
j∈r q̃juj

)
≥ 0, we have (1− q̃i)ui = ω̃ for all i ∈ r. If ω̃ = 0

then q̃i = 1 for all i ∈ r such that ui > 0. Thus, if S0(σ) 6= {r}, then for any coalition
s ∈ S0(σ) we have

vr =
∑
i∈r

ui =
∑
i∈s∩r

ui = vs.

That is, any s ∈ S0(σ) is also an effi cient coalition. On the other hand, if S0(σ) = {r},
then tri = 0 for all i ∈ r, and so ω̃ > 0, since vr > 0. This proves (d).

Since games with more than one effi cient coalition are non-generic, in this proof we

focus on games with a unique effi cient coalition. Hence, in a deterministic SCOOP we

must have ω̃ > 0, and in a non-deterministic one, ω > 0.
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Next, we will use the parallel between the SCOOP and the solution to problem (2),

i.e., the CNBS, discussed in subsection 6 to investigate when the SCOOP may or may

not be deterministic. Thus, consider the first order conditions for problem (2) when

we substitute the effi cient coalition e for N in the constraints and replace the objective

function with Πi∈exi:

N
xi

= φ−
∑

s3i δs, ∀i ∈ e,

φ
(∑

i∈N xi − ve
)

= 0, (15)

δs
(∑

i∈s∩N xi − vs
)

= 0, ∀s 6= e.

LetM be the set of restrictions (coalitions) that satisfy
∑

i∈s∩e xi−vs = 0. It is important

to note that the solution to this optimization problem is unique, since the objective

function is strictly quasiconcave and constraints are linear. Hence, conditions (15) are

not only necessary but also suffi cient. Let Region I denote the set of all games such that

(the choice set is not empty, i.e., the core is not empty) and φ ≥
∑

s 6=e δs (Property P1

in Compte and Jehiel, 2010, is satisfied). Let Region II be the set of all games where

φ ≤
∑

s 6=e δs. These regions are well defined, due to the following lemmas:

Lemma 9 If the choice set in problem (2), and so the core, has a non-empty interior,

then φ, δs are unique and differentiable with respect to ve and vs for all s. Moreover,

dδs/dve, dφ/dvs < 0 and dδs/dvs, dφ/dve > 0for all s 6= e.

The lemma will be proved in three steps

Step 1 Problem (2) is equivalent to a (different) optimization program with the same

objective function and equality constraints with non-singular Jacobian of the system

of active constraints.

Proof. Let the Jacobian of the system of active constraints in one solution to problem

(2) be A. Obviously, the solution x∗ to problem (2) is also the solution to an alternative

program with only the constraint e and equality constraints M . Suppose that A is not a

linearly independent system, so that As, for some s ∈M ∪ {e} can be written as

As =
∑

s′∈M∪{e}−s

αs′As′ ,
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for some vector α = {αs′}s′∈M∪{e}−s. This means that

x · As = x ·
∑

s′∈M∪{e}−s

αs′As′ ,

for any vector of payoffs x. In particular, it is satisfied by the solution x∗, so that

vs = x∗ · As = x∗ ·
∑

s′∈M∪{e}−s

αs′As′ =
∑

s′∈M∪{e}−s

αs′vs′

Therefore, any vector x that satisfies the constraints corresponding to the coalitions s′ 6= s,

i.e, such that x · As′ = vs′ also satisfies

x ·
∑

s′∈M∪{e}−s

αs′As′ =
∑

s′∈M∪{e}−s

αs′xAs′ =
∑

s′∈M∪{e}−s

αs′vs′ = vs,

and so satisfies the constraint related to s. Thus, the constraint corresponding to coalition

s is redundant. We can therefore exclude this coalition fromM∪{e}, and the new program
would still have the same solution x∗. Repeating this argument, if needed, we conclude

that there exists a set M ′ ∪ {e} of constraints such that the problem defined by (2) with

only these equality constraints has x∗ as a solution and its Jacobian is non-singular.

Step 2 Let (x∗, φ, δ) and (x∗, φ′, δ′) be two solutions to system (15). Then, φ−
∑

s∈S−{e} δs

= φ′ −
∑

s∈S−{e} δ
′
s. Moreover, if Property P1 is satisfied, then both φ and

∑
s6=e δs

are unique.

Proof. The active constraints in (15) can be written as

A ·
[
φ
−δ

]
=

−→N
x∗
, (16)

where, similarly as before, A is the |e| × (|M |+ 1) matrix with component ais = 1 if i ∈ s
and 0 otherwise, for s ∈M∪{e}, δ is the |M | dimensional vector with components δs, and−→N
x∗ is the |e| dimensional vector with components all equal to

N
x∗i
. If A has rank |M | + 1

(≤ |e|), then the solution, which exists, is unique. Then Step 2 is trivially satisfied.
Otherwise, one of the columns in A is a linear combination of the rest. Consider two

possible cases. First, if Ae is not spanned by the rest of columns of A. In this case, it is

not spanned by any subset of them, of course, and if the rank of A is smaller than |M |+1

it must be because the set of |M | columns other than Ae is not a linearly independent
system. That is, one of these other columns of A, call it Ar, can be obtained as a linear
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combination of the columns in A other than Ar and Ae. Then, system (16) can be written

as

aieφ−
∑
s 6=r

aisδs − δr

(∑
s 6=r

aisαs

)
=
N
x∗i
⇐⇒

aieφ−
∑
s 6=r

ais (δs + αsδr) =
N
x∗i
,

for some vector α ∈ R|M |−1. Thus, φ and δ̂s = δs + αsδr, together with x∗ satisfies the

system (15), provided that we consider the constraints inM except the one corresponding

to r. Note that

φ−
∑

s∈M−{s}

δ̂s = φ−
∑
s∈M

δs.

This process may be repeated until the system M is reduced to a linearly independent

subsystem. Thus, (15), with constraints only in this subsystem, are satisfied by the

solution —in x∗ and multipliers—to (2). Since that subsystem has a unique solution, and

the solution to (2) with this set of constraints exists, we conclude that this unique solution

is x∗, φ, δ̂, and the lemma follows.

Now suppose that Ae is spanned by the rest of the columns of A. As before, system

(16) can be written as

φ

(∑
s∈M

aisαs

)
−
∑
s∈M

aisδs =
N
x∗i
⇐⇒

∑
s∈M

ais (−δs + αsφ) =
N
x∗i
,

for some vector α ∈ R|M |, so that φ̂ = 0 and δ̂s = δs − αsφ, together with x∗, is a

new solution to system (15), when we consider only the constraints in M except the one

corresponding to A. Note that, again,

−
∑
s∈M

δ̂s = φ−
∑
s∈M

δs. (17)

Repeating the procedure until we obtain a set of linearly independent constraints, and

recalling that still a solution to (2) must exist, and be characterized as the unique solution

to (15) when considering the surviving constraints, we obtain that again φ−
∑

s∈M δs is

unique. Then, Property P1 contradicts (17), since δ̂s ≥ 0 for all s ∈M . This finishes the
proof of Step 2.
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Step 3 (φ, δ, x) is a differentiable function of ve and vs. Also, dδs/dve, dφ/dvs < 0 and

dδs/dvs, dφ/dve > 0 for all s 6= e.

Proof. Consider the problem in (2) with only equality constraints in (a linearly indepen-

dent set of constraints) M ′. Let x be a solution to this problem. That is, there exists

a positive real number φ and a vector δ in Rm′+ , where m
′ = |M ′| such that (φ, δ, x)

maximizes

L(φ, δ, x) = Πi∈exi − φ(
∑

i∈e xi − ve) +
∑

s∈M ′ δs
(∑

i∈s xi − vs
)
. (18)

The first order conditions for this problem are

Gi ≡
∂N
∂xi
− φ+

∑
s3i δs = 0,

Gs ≡
∑

i∈s xi − vs = 0,

Ge ≡ −
∑

i∈e xi + ve = 0,

where, once more, N ≡ Πi∈exi. Differentiating with respect to (φ, δ, x) and ve, we obtain

the system

D ·

 dx
dδ
dφ

 =
[
− ∂G
∂ve
dve

]
, (19)

where D is the Hessian matrix of N , H, bordered with the Jacobian of the constraints,
A:

D =

[
H A
A′ 0

]
;

dx is the vector of size |e| with components dxi; dδ is the vector of dimension m′ with
components dδs, and ∂G

∂ve
is the |e|+m′ + 1 dimensional vector with terms ∂Gi

∂ve
, ∂Gs
∂ve
, and

∂Ge
∂ve
. Note that H is invertible. Indeed, the ij entry in H is N

xixj
if i 6= j and 0 if i = j.

Thus, multiplying each row i by xi
N and each column j by xi, all nonzero values, we have

a matrix with entries 1 for all ij with i 6= j and 0 if i = j. The determinant of this matrix

is (−1)|e|−1 (|e| − 1) 6= 0, and so the determinant of H is also nonzero. Thus,

detD = detD/H detH,

where D/H is the Schur complement of H, −A′H−1A. Note that D/H is full rank.

Indeed, −H−1 is positive semidefinite and invertible, and so there exists a permutation

matrix P such that

−P ′H−1P = R′R
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for some upper triangular matrix R with all elements on the diagonal strictly positive

(see, for instance, Highham 1990). Thus,

−A′H−1A = −A′PP ′H−1PP ′A = −A′PR′RP ′A.

Note that A′P is simply a permutation of A′, and so has rank m, and then A′PR′ has

also rank m. Thus, the rank of the product of that matrix and its transpose is m, and

we conclude that detD/H > 0 and detD 6= 0. Thus, (φ, δ, x) is indeed a differentiable

function of ve and of vs.

Now, note that ∂N
∂xi

= N
xi
. Thus, multiplying each of the expressions Gi in the first

order conditions of (18) by the corresponding xi, and adding them for all i in e, and taking

into account the rest of the first order conditions, we have

neN − (φve −
∑
s∈M ′

δs) = 0.

This is an identity, and so, differentiating with respect to φ and ve, and taking into account

that (from the envelope theorem) dN /dve = φ and dN /dφ = 0, we obtain

dφ

dve
=

(ne − 1)φ

ve
> 0.

The rest of signs are obtained similarly.

For any game, we consider now a modification that makes Property P1 hold with

equality:

Definition 10 For any game (N, v), the game (N, v̂(v)) satisfies v̂s(v) = vs for all s 6= N ,

and v̂N(v) is such that φ−
∑

s 6=e δs = 0 in problem (2) with e = N .

Lemma 11 For every game (N, v) that either has a core with an empty interior or a

non-empty interior but violates Property P1, v̂(v) exists and is unique.

Proof. Consider any given game v with a non-empty core such that Property 1 does

not hold: φ −
∑

s 6=e δs < 0. Consider the game v′ defined by v′s = vs for all s 6= N , and

v′N = n × ve + ε. The solution to (15) for this game is ui = xi =
v′N
n
∀i (the generalized

Nash bargaining solution), φ > 0, and δs = 0 for all s 6= N . Thus, φ−
∑

s 6=N δs > 0. Since

the multipliers are continuous (and differentiable) in vN from Lemma 9, and φ−
∑

s 6=N δs

is strictly monotone in vN , the result follows. Now suppose the core of v is empty. Still,

the game v′N has a non-empty core. Thus, there exists a minimum value v′′N < v′N for

36



which the core is not empty: the core is monotone in vN . Thus, the result follows unless

the game v′′, defined with that value v′′N , satisfies Property P1 with strict inequality. We

can rule out this possibility: the Nash product cannot increase if we increase the worth

of a binding coalition by as much as what we increase the worth of vN , when the interior

of the core is empty.

Next, we provide necessary conditions for a SCOOP to be deterministic and non-

deterministic, in terms on whether the game lies in Region I or in Region II.

Lemma 12 A deterministic SCOOP exists only if the game belongs to Region I. More-

over, for a deterministic SCOOP, σ =
{
{usi}i∈s , {tsi}i∈s , ps, {λ

s
r}r 6=s

}
s∈S
, {uri} is the

solution to problem (2), and as a result σ is the unique deterministic SCOOP in payoffs

and probabilities.

Proof. Let σ =
{
{usi}i∈s , {tsi}i∈s , ps, {λ

s
e}s 6=e

}
s∈S

be a deterministic SCOOP with pe = 1.

Then, it satisfies conditions (b) to (d) in Lemma 8. Let N = Πi∈eui, xi = uei , φ = N
ω̃
,

and δs = λes
N
ω̃
for all s ∈ S0(σ), and δs = 0 otherwise. These values satisfy condition (15)

and hence the SCOOP coincides with the solution to problem (2), which is unique. Thus,

{uei} is in the core and so the core is not empty. Also, since
∑

s∈S0 λ
e
s ≤ 1 and φ−

∑
s 6=r δs

= N
ω̃

(
1−

∑
s 6=r λ

e
s

)
≥ 0, Property P1 holds.

Lemma 13 A non-deterministic SCOOP exists only if the game belongs to Region II.

Moreover, for a non-deterministic SCOOP, σ =
{
{usi}i∈s , {tsi}i∈s , ps, {λ

s
r}r 6=s

}
s∈S
, with

ω > 0, {ui} is the solution to problem (2) for the modified game v̂ (v), and as a result, if

the game lies in the interior of Region II, then σ is unique in payoffs and probabilities.

Proof. Consider a game that lies in the interior of Region I, i.e., the solution to (15)

satisfies φ −
∑

s 6=e δs > 0. Suppose that σ =
{
{usi}i∈s , {tsi}i∈s , ps, {λ

s
e}s 6=e

}
s∈S

is a non-

deterministic SCOOP for this game, and so satisfies conditions (a) to (d) of Lemma 7.

Hence, we have that
∑

i∈e ui ≥ ve. On the other hand, if s ∈ S+(σ) then vs =
∑

i∈s ui

≥
∑

i∈s∩e ui. Now, consider a different game, ṽ, in which ṽe =
∑

i∈e ui and ṽs =
∑

i∈s∩e ui

for all s ∈ S+(σ), s 6= e, and ṽs = vs otherwise. Note that xi = ui for all i ∈ e,

φ = N
ω

(1 − pe), and δs = ps
N
ω
, for N = Πi∈eui, satisfy equations (15), with M = S+(σ),

for game ṽ. Thus,
∑

s 6=e δs =
∑

s 6=e ps
N
ω

= φ. Note that if v has a core with a non-empty

interior, then ṽ does too, and also a continuous path from v to ṽ with (weakly) increasing

ve and (weakly) decreasing vs for all s 6= e. Thus, from Lemma 9 it must be the case that

φ−
∑

s 6=e δs ≤ 0. This is a contradiction which proves the first part of the lemma.

37



Let us now prove generic uniqueness. Consider a game that lies in the interior of Region

II, so that φ −
∑

s 6=e δs < 0. Suppose that we have two non-deterministic SCOOPs, σ

and σ′. For a player j who does not belong to any coalition in S+ (σ), let uj = ω, and

similarly for the SCOOP σ′. Then, using the payoffs of σ, consider the game ṽ, where

ṽN =
∑

i∈N ui and ṽs = vs for all s 6= N ; and, using the payoffs of σ′, a similar game

ṽ′ with ṽ′N =
∑

i u
′
i. Note that xi = ui, φ = N

ω
, and δs = ps

N
ω
, where N = Πi∈Nui

satisfy (15) for e = N , with M = S+(σ). Moreover, φ −
∑

s∈M δs = 0, and so ṽ = v̂(v).

The same argument can be made for the SCOOP σ′; in particular, ṽ = v̂(v). Since v̂(v)

is unique according to Lemma 11, and the CNBS of a game is also unique, we conclude

that {ui} = {u′i}. Hence, the SCOOP of a game that lies in the interior of Region II
always assigns zero probability to the grand coalition, as

∑
i∈N ui = ṽN > vN . Also, as

discussed in Lemma 7, the set of coalitionsM and the associated Lagrange multipliers are

generically unique,16, which implies that generically ps = p′s. Even in those non-generic

cases where the Lagrange multipliers are not unique, we still have that the individual

probabilities of success are unique. In particular, condition (3) can be written as

N
ui

= φ(1−
∑

s3i
δs
φ

) = φ(1− qi),

for all i ∈ N , and since N
ui
but also φ are unique from Lemma 9, we conclude that qi = q′i.

Once more, the arguments used in the proof also imply that conditions (a)-(d) in

Lemma 7 are suffi cient to (generically) identify the payoffs and probabilities of the unique

SCOOP. Moreover, these conditions cannot be satisfied in Region I.

By putting together Lemmas 12 and 13, and then taking Theorem 1 into account, we

conclude that the SCOOP is generically unique. Moreover: (a) In the interior of Region I

the unique SCOOP (in payoffs and individual probabilities of success) is deterministic, and

(b) in the interior of Region II the unique SCOOP (in payoffs and individual probabilities

of success) is non-deterministic. As discussed in subsection 3.2 there can be a multitude

of SCOOP on the frontier between Regions I and II, but since this is a region of the

parameter space with an empty interior, then these games are non-generic.

16The cases where the Lagrange multipliers are not unique withM constraints lie on a set of dimension
M − 1.
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