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INTERNATIONAL ECONOMIC REVIEW 
Vol. 40, No. 1, February 1999 

IMPERFECT COMPETITION IN AUCTION DESIGNS* 

BY ROBERTO BURGUET AND JOZSEF SAKOVICStl 

Instituto de Analisis Economico, Spain 

We study the competition between two owners of identical goods who wish 
to sell them to a pool of potential buyers. The sellers compete simultaneously 
setting reserve prices for their second price sealed bid auctions. Upon observing 
the set reserve prices, the buyers decide simultaneously in which auction to bid. 
We show that this game has (at least) one equilibrium and that all equilibria 
are inefficient: reserve prices are not driven to zero (cost). We also discuss 
where and why the parallel between optimal auction design and optimal pricing 
in the case of monopoly breaks down for oligopoly. 

1. INTRODUCTION 

In this paper we analyze an issue that so far has received little attention in the 
literature: the competition among sellers in auctioning procedures (as opposed to 
prices). To our knowledge, this problem has only been analyzed by McAfee (1993), 
Peters and Severinov (1997), and Peters (1997). When a seller determines the rules 
that will apply in her auction, she has to take into account the competition by sellers 
offering similar goods. That is, the rules the seller uses will determine the number 
(and quality) of potential buyers that find it in their interest to give up other 
opportunities in order to try their luck at her auction. McAfee (1993), Peters and 
Severinov (1997), and Peters (1997), appealing to a large market hypothesis, have 
analyzed this problem obtaining that in equilibrium sellers set efficient mechanisms 
that are equivalent to zero reserve price, second price auctions. Instead, here we 
examine the imperfect competition among sellers of identical objects, that is, a 
genuinely strategic context in which sellers take into account all the implications of a 
change in selling mechanism. This is not without a price: while McAfee (1993) 
considers a general mechanism design problem, where the sellers compete in direct 
mechanisms,2 we are forced to carry out our analysis restricting the sellers' strategy 
set.3 For ease of exposition, we do so more than necessary, and start assuming that 

* Manuscript received July 1996. 
Email: burguet@cc.uab.es; sakovics@cc.uab.es 

1 We are grateful for helpful discussions with Preston McAfee, Mike Riordan, Bob Rosenthal, 
Fernando Vega, Xavier Vives, and Asher Wolinsky. We acknowledge support from the HCM 
program of the EC through contract CHRX-CT94-0489 "Games and Markets," and from DGICYT 
through project PB-93-0679. 

2 Mappings that for any reported vector of buyer valuations give the identity of the buyer who 
obtains the good and the amount of money transferred between the seller and each agent. 

3 Peters and Severinov (1993, 1997) also use a reduced set, but for different reasons. 
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232 BURGUET AND SAKOVICS 

the sellers' only strategic variable is the reserve price they quote for a second price 
auction. Later we argue that our results generalize to a larger set of mechanisms. 

We show that, given the vector of reserve prices, the subgame of the buyers' 
choice of auction has a unique symmetric equilibrium. This equilibrium has several 
interesting characteristics. It is in mixed strategies and it is continuous in the reserve 
prices. In particular, different reserve prices do not necessarily mean zero demand 
for the seller setting the higher one. Given the buyers' equilibrium strategy we prove 
that in the sellers' game there always exists an equilibrium but it cannot be a 
symmetric one in pure strategies. Though we are not able to characterize the 
equilibrium completely, we do show that in equilibrium neither seller sets a reserve 
price of zero with positive probability. That is, sellers prevent efficient sales directly 
by setting a minimum acceptable bid above their own valuation of the object 
(normalized to zero here). 

This last result could be considered as surprising in two respects. First, as opposed 
to what happens in the standard oligopoly model of price competition, here 'two is 
not enough' for competition. That is, the results obtained by McAfee (1993), Peters 
and Severinov (1997), and Peters (1997) for a large number of sellers really need that 
large number of sellers. This divergence between the price competition model and 
this model of competition through reserve prices immediately refers, by opposition, 
to the parallel that one can find in the monopoly case. Indeed, Bulow and Roberts 
(1989) have argued that finding the optimal reserve price in an auction is equivalent 
to resolving the problem of a monopolist exercising third-degree price discrimina- 
tion, considering each potential buyer as a separate market with a demand function 
derived by inverting the distribution from which his valuation has been drawn. As we 
discuss below, in our setting there is a fundamental difference between prices and 
reserve prices. In Bulow and Roberts (1989), a reserve price was important only 
when it was to become the price paid in the auction. In our case, however, the 
reserve price matters even when it is not going to determine the price: it always 
affects the self-selection of buyers and thus the distribution of the 'residual' demand. 

Second, in our model the entry in one of the auctions could be considered 
endogenous, determined by the opportunity cost that the possibility of attending the 
competing seller represents. Now, recall that in a monopoly auction with endoge- 
nous entry-due, for instance, to costly bid preparation-the optimal reserve price 
is practically zero (it is different from zero only to capitalize on the integer problem 
caused by the fact that lots are indivisible; see, for example, Engelbrecht-Wiggans 
1993). In other words, the optimal strategy is to maximize entry. As we have stated 
before, this is not the case in our model. The reason is that in our case raising the 
reserve price affects the election of the buyers unevenly according to their valua- 
tions. Raising the reserve price from zero against an opponent who does set it at 
zero eliminates low valuation demand at a higher rate than high valuation demand 
and thus it turns out to be profitable. 

The paper is structured as follows. In the next section we formally specify our 
model. In Section 3 we derive the buyers' equilibrium behavior. Section 4 discusses 
the issues related to the Bulow and Roberts (1989) approach. In Section 5 we prove 
that reserve prices are not driven down to zero by competition and provide an 
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IMPERFECT COMPETITION OF AUCTIONEERS 233 

example of the sellers' equilibrium strategies. We (partially) generalize our results to 
the class of quasi-efficient mechanisms in Section 6. Finally, the Section 7 concludes. 

2. THE MODEL 

Consider two sellers, 1 and 2, each possessing one unit of an homogeneous good 
that they are willing to sell for any positive price. There are N, ex ante symmetric, 
potential buyers, and it is common knowledge that their valuations vi, i = 1, 2,..., N 
of one unit of the good are independent realizations of a random variable with a 
distribution function F with support on some compact set, which we normalize to be 
the interval [0, 1]. The particular realization vi, however, is observed only by buyer i. 
We assume F to be differentiable and let f denote its density function, which we 
assume positive in the entire range. Also, we assume that both buyers and sellers are 
risk neutral. 

We restrict our attention to second price auctions, where the strategic variable of 
the sellers is the reserve price they post in their respective auctions (see Section 6 
for the generalization of this approach to a larger set of mechanisms). Thus, the 
sellers simultaneously post reserve prices, taking into account how these affect the 
decision of the buyers as to which auction to attend. Observing the reserve prices 
posted by the sellers, the potential buyers simultaneously decide which (if any) 
auction they want to attend. We assume that attending both auctions is not feasible. 
Finally, the auctions take place. 

3. THE BUYERS' EQUILIBRIUM BEHAVIOR 

Note that, given r1 < r2, and once the buyers have decided which auction to 
attend, it is a dominant strategy for them to bid their true valuations. Now, for a 
buyer with valuation lower than r1 it is optimal not to attend any of the auctions (or 
at least not to submit any acceptable bid). If a buyer's valuation lies between r1 and 
r2, then she attends auction 1, where she expects positive rents with some probabil- 
ity. Moreover, a buyer with valuation slightly above r2 still prefers to attend auction 
1, since the expected profits in auction 2 are arbitrarily close to zero while they are 
strictly positive in auction 1. Finally, when r2 is sufficiently far from 1, it cannot be 
the case that all buyers attend auction 1. If that was the case, a buyer with valuation 
1 would expect a price of r2 when attending auction 2. In contrast, the price in 
auction 1 would equal the larger of the first order statistic of N - 1 realizations of v 
and r1. For r2 low enough, the expected value of this is higher than r2 for any F). 
Thus, denote by w the infimum of types that bid in auction 2 with positive 
probability. If no bidder participates in auction 2, then w = 1. That is, r2 < w < 1 (the 
first inequality being strict unless r1 = r2). 

PROPOSITION 1. Given r, < r2, the following defines an equilibrium in the buyers' 
subgame: (i) If attending any of the auctions, every buyer bids her valuation. (ii) A 
buyer with valuation v E [r1, w) attends auction 1 with probability 1. If v ? w, then the 
buyer attends each of the auctions with probability 1/2. Otherwise, the buyer does not 
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234 BURGUET AND SAKOVICS 

participate in any of the auctions. The value of w is uniquely defined by 

(1) r( F(rj) + 1 ) 

Irk ( ~~~~2 
2 

2 ) 

whenever it has a solution in [r2, 1]. Otherwise, w = 1. 

PROOF. The proof of (i) is standard. Now, assume all (other) buyers are using the 
strategy stated in the proposition. Then the rents that a buyer with valuation v ? w 
expects in auction 1 are 

(fw(vy)[F(Y) + 1 -F(w) N dF(y) 

+ f(v - y)[ + (Y) dF(y)) 

The first term represents the buyer's rent in case nobody else shows up in the 
auction, times the probability that this happens. The second is the expected gain in 
case the highest of the competing bids is between r1 and w, times the probability of 
this event. The third corresponds to the same concept for the highest competing bid 
lying between w and v. Similarly, the expected rents in auction 2 can be written as 

f72(V) = (v -r2)[ 1 + + (N- 1) (v -y)4 (y) 1 (y) 

Substituting w as defined by (1) into this second expression we obtain exactly the 
first. That is, the expected rents in both auctions are the same and therefore mixing 
between both auctions (in particular, with probability 1/2 in each) is a best response 
for the buyer. It is equally simple to see that I11(v) > f12(v) for v between r1 and w. 
We now show that there is at most one w E [r2, 1] satisfying (1). Note that at w = r2 
the LHS is not larger than the RHS (it is strictly smaller unless r2 = r1) and that the 
two sides of (1) are continuous in w. Thus, either the RHS is greater than the LHS 
for all w < 1, which simply means that attending auction 2 is a strictly dominated 
choice for all types, and then w = 1, or there exists a solution in [r2, 1]. The 
uniqueness of such a solution is implied by the fact that the derivative of the LHS 
with respect to w is strictly larger than that of the RHS for w in [r2, 1]. Q.E.D. 

REMARK. As a corollary of Proposition 3 (stated and proved in Section 6 of this 
paper), we can obtain that (i) and (ii) in Proposition 1 are in fact necessary 
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IMPERFECT COMPETITION OF AUCTIONEERS 235 

conditions for symmetric equilibrium (a.s.).4 In particular, it must be the case that 
buyer types above w randomize equally among attending the different auctions. 
Since w is uniquely defined by (1),5 we are also able to conclude that (since the 
conditions are also sufficient, as proved above) this equilibrium is the unique 
symmetric one. 

The reason why in the unique symmetric equilibrium types above w randomize 
fifty-fifty is easy to understand. First, note that conditional on mixing in an interval, 
it has to be with equal probabilities. Indeed, in the mixing interval, HI must equal 
H2, and so the rate at which HI and 2 change with v must be equal too. That is, 
we have that 

dF1AX) _dF12(X) 
(2) d ) d for all x in the interval. 

Now, recall (Myerson 1981) that in an auction the rents expected by a buyer of 
valuation v can be written as fl' P(x) dx, where P(x) represents the probability of 
her obtaining the good. In our case, we have two simultaneous auctions. However, 
once buyers have assigned themselves to the auction they want to attend, the results 
in Myerson (1981) apply.6 Then, (2) implies that the probability of obtaining the 
good for a buyer with any valuation has to be the same in both auctions. This can 
only be the case if buyers attend each house with probability 1/2. 

Second, there cannot be 'holes' in the mixing interval. If there were a 'hole,' say 
(s, z), then the rents would grow at different rates in the two auctions as a function 
of buyer valuation and thus s and z could not be both indifferent. Third, the mixing 
interval has to go all the way up to 1. If this were not the case, say, if all types in 
[v, 1] preferred one auction then, again by Myerson's argument, the rents of types in 
the unattended auction would grow at a rate of one, while in the other house at a 
lower rate. Thus v and 1 could not prefer to attend the same auction.7 

As expected, w is (continuous and) decreasing with r1 and increasing with r2. That 
is, an increase in her reserve price always reduces the 'demand' faced by a seller. In 
particular, increasing the lower reserve price reduces the demand in the correspond- 
ing auction in two ways. First, buyers with valuation just above r1 stop attending the 
auction, just as in the standard case. Second, w decreases, and thus buyers with 
valuation just below its original value, who were attending auction 1 with probability 
one, now choose auction 1 only with probability 1/2. This second reduction has an 
important effect on the sellers' competition that we will analyze in the next section. 

Having characterized the buyers' equilibrium, we have the distribution of types 
(demand) faced by each of the sellers for each pair of reserve prices (r1, r2). The 
next step is to analyze the first stage competition of sellers. That is what we do in the 

4 Theorems 5 and 6 in Peters and Severinov (1997), which deal with an arbitrary number of 
sellers, also have this result as their corollary. 

5 This uniqueness is not guaranteed for more than two sellers (Peters and Severinov 1997). 
6 Where the 'effective' distribution function of the types attending auction i, Hi(x), is now the 

composition of the (possibly) mixed strategy with the original distribution function F (divided by the 
total probability of attending that auction). 

7 In the proof of Proposition 3 we give a formal argument. 
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236 BURGUET AND SAKOVICS 

next section, where we emphasize the similarities and differences between this 

competition and multimarket, duopolistic competition. 

4. THE SELLERS' BEST RESPONSES 

Bulow and Roberts (1989) have shown the close relationship between the eco- 
nomics of an auction setting under the independent private values hypothesis and a 
monopoly setting (with third-degree price discrimination). In a well defined sense, 

the problem of designing an optimal auctioning mechanism in the first is equivalent 
to the one of setting prices for the different markets in the second. In particular, 
from an auction problem, one can define a demand function for each bidder where 

the demand at a given price equals the probability that this bidder has a valuation 
above that price. Then, the optimal auction (Myerson 1981) can be regarded as 
selling to the buyer with the highest 'marginal revenue' among the ones for which 

this marginal revenue is above some (individually set) reserve price. Moreover, 
Bulow and Roberts (1989) show that computing this optimal reserve price for a 

buyer is exactly the same problem as computing the monopoly price for the demand 
function associated to that buyer. In the symmetric (and regular) case, in which all 
the buyers' 'demand functions' are equal, an optimal auction could be an ordinary 
second price auction with a single (common to all buyers) reserve price: the price 
that maximizes the profits of a monopoly facing that common demand function. 

An immediate question arises: how general is this link between reserve prices and 
prices? In particular, does the link between prices and reserve prices extend in some 
way to our 'oligopoly setting?' That is, given the reserve price of her competitor, can 
the (best response) problem of a seller be described as that of setting the price at 
which marginal revenue (obtained from the residual demand function) equals zero 
(marginal cost)? 

Before answering this question, let us stop for a while to understand the reason 
why the parallel works in the Bulow and Roberts case, to start with. First, assume 
the unique seller faces a unique buyer. Then the auction problem is simply that of 
fixing a take it or leave it offer to an informed buyer. The expected revenues are 
simply the probability that the buyer has a reservation value above the price posted 
times the expected price in case of a sale, which is simply this posted price. Thinking 
of the probability mentioned above as a 'quantity' sold, this take it or leave it 
problem is obviously equivalent to the zero-marginal cost monopolist case. When 
there is more than one buyer, however, the parallel is less than obvious. Now, the 
revenues of the seller in case of a sale are not equal to the reserve price (the posted 
price, in the previous case). In fact, the price is determined by the relationship 
between the bidders' valuations (the second highest of them or the reserve price, 
when using a second price auction), which seems a situation quite far from the 
unrelated, multimarket monopolist case. However, notice that the reserve price has 
some effect on the seller's revenue only when there is exactly one buyer with a 
valuation above this reserve price. That is, marginally changing the reserve price, the 
revenue of the seller does not change if before there were more than one buyers 
effectively competing for the good (i.e., having valuations above the reserve price). 
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IMPERFECT COMPETITION OF AUCTIONEERS 237 

Recognizing this fact, again the seller can regard each of the bidders as a separate 
market, and the reserve price as the price for that market. 

In our case, this parallel cannot work. The reason is that a change in the reserve 
price has an effect on the expected revenue even conditional on having more than 
one bidder competing for the good.8 

To show this, we start by writing down the expected profits as functions of both 
reserve prices. The seller with the lower reserve price (r1) can expect 

R1(r1,r2) =riN( 1 +Fw) F(r))( 1 -F(w) )N- 

1 /+ F(w) ill-F(w) iN-2 

+N( N-1) LS (X 2 _F( x) 2 +F( x) dx 

)xf(x) f F(w) ) +F(X) N-2 

2 2 2I 
' Y 

where w is given by equation (1). The first term represents the probability of having 
exactly one bidder in the auction times the price obtained in that case, r1. The other 
two terms represent the expected price for the case where more than one bidders 
are active in the auction. Then, the first order condition for a maximum of R1 is 

dR1(rI, r2) dR1(rj, r2) dR1(r1, r2) dw 
(3) 4- _ - = 0. 

dr1 dr1 dw dr1 

Now, 

dRI(rI, r2) 1 +F(w) 1 (w)N- 

8r1 =N( 2 -F(rj))( 2 +F(rl)) 

-riNf(r)( 1 -F(w) F(r N-I 

1- F(w) N-I 1 + F(w) X 
=Nl 2 +F(r)J) | 2 F(rj) - if(rj)) 

We can easily identify these direct effects that an infinitesimal increase in the lower 
reserve price has on the profits for the seller posting that reserve price. The first 
term is the probability that the reserve price is the actual price paid, that is, the 
probability that only one bidder attends this auction. In this case, the probability of a 
sale stays one so the change in profits equals the change in price, which in turn 
equals the change in the reserve price. The second term describes the loss suffered 
in case there was a single bidder bidding exactly r1, whose purchase is now lost. 

8As it happens in the correlated values, unique seller case. 
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238 BURGUET AND SAKOVICS 

On the other hand, 

dRj(rj, r2) f (w) ( 1-F(w) + ~l)N-i 

dw 2 2 

+N(N- 1)f2) Xf[x( 1 +F(X)) dx 

-(N- 2) max x, rj}f (x)(F(w) -F(maxfx, ri})) +F( x) ) dx] 

-(N-2)F +(1F(W ) +F(x)N)N3] 

These direct effects of an increase of /Xw in w (that is, the negative of the indirect 
effects of increasing r1), can now be easily identified. Assume there is one buyer 
who has valuation between w and A~w (an event that has probability Nf(w)Aw) and 
was attending auction 2 before the increase in w (which happened with probability 
1/2). This buyer's valuation now falls below the new value for w, that is, w + A~w. 
There are three cases in which this has an effect on the seller's revenue. 

(i) If she was not selling before (that is, no buyer bid in her auction) then 
now she makes a sale at a price equal to the reserve price, r1. This is 
described by the first term. 

(ii) If before there was no bid above w, but there was at least one bid above 
the reserve price r1, then she was selling the good at a price equal to the 
maximum between the reserve price and the second highest of those 
previous bids. Now, however, she sells for a price equal to the previous 
highest bid. The second term captures this effect. 

(iii) Finally, if before there was a single bid above w (and then the price was as 
in the point (ii) above), the new price will be w. That is the third term 
above.9 

The important fact here is that (ii) and (iii) represent effects that appear when 
more than one buyers are effectively bidding in the auction. Indeed, following a 
Bulow-Roberts type formalization, the residual demand (probability of buyer 

9 Note that if either no new buyer is captured by infinitesimally raising w, or there are at least 
two bidders above w attending auction'1, then raising w has no effect on the revenue. 
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IMPERFECT COMPETITION OF AUCTIONEERS 239 

having valuation above the reserve price r1 < r2 and attending auction 1) for seller 1, 
given the reserve price r2 set by the competing seller, is 

1 + F(w) 
q(r1) = 2 -F(r1). 

Consequently, the marginal revenue is 

1 + F(w) 

MR(r) -drq() 
2 -F(r1) 

dq dw f(w) 
drf 2 -f(1) 

Observe that 

M f(w) dw l 1-F(w) N-1 

MR(rl)lk 2.d tr) + F(r 1 

dRj(rjr2) dw ( *dR1(r,r2) 
= +-<, first term of 

dr1 dr1 d 8w 

that is, apart from the effect on the 'marginal revenue' (the change associated to the 
case in which there was exactly one bidder in auction 1), we have to consider the 
change in the expected price when there are more than one active bidders in the 
auction. These effects are (ii) and (iii) above. In other words, MR(r1) = 0 does not 
define the best response reserve price.10 

5. THE SELLERS' EQUILIBRIUM IN SIMULTANEOUS ANNOUNCEMENTS OF 

RESERVE PRICES 

When looking for an equilibrium in reserve prices in this symmetric game, the 
first candidate to consider is a symmetric, pure strategy one. Thus, consider the case 
ri = r2. In this case, equation (1) above has as solution w = r, = r2. Then 

dRj(rj, r2) (1? F(r1l) \Nl[1 F(rI') I__ 

dr, 2 )2 ?f(r2)ri(_1?_ dr) 

But, as it can be seen from (1), dw/dr, =-oo when w = rj = r2. Thus, the expression 
above is (unboundedly) negative for any value of r1 = r2. That is, in any symmetric 
pure strategy configuration with r1 = r2> 0, a seller would gain by slightly reducing 
her reserve price. 

Why is dw/dr, =-?o? The reason is simple. Equation (1) tells us that the 
expected price in auction 1 for a buyer with valuation w, conditional on this buyer 

10A similar argument applies for the best response of the seller posting the higher reserve price. 
In that case, the issue is not that the demand depends on two parameters but that the demand and 
the price paid by the weakest bidder change simultaneously. 
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240 BURGUET AND SAKOVICS 

winning this auction, is r2. In other words, r2 equals 

[rl F(rJ 
+ 

] 
+ (N- 1) y F(y) + 2 

dFY 

times the probability of winning the object in auction 1. That is, the price expected 
by buyer w is a weighted average of r1 and the expected value of the highest 
realization between r1 and w. Now let r1 tend to r2 from below. If w tended to r2 at 
the same rate as r1, then this second term would be an average of values close to r2 

with a weight converging to zero (that is, the difference with r2 would be of second 
order). The first term, however, has a weight which remains positive. That is, the 
difference with r2 (times the probability of winning in auction 1, which equals the 
probability of winning in auction 2) would be of first order. 

The above result leaves r1 = r2= 0 as the only candidate for symmetric equilib- 
rium. However, as we show in the Appendix, the profits for the higher reserve price 
seller R2(r1, r2) are increasing in r2 at that point. That is, r1 = r2 = 0 cannot 
constitute an equilibrium. Consequently, there exists no symmetric, pure strategy 
equilibrium. 

On the other hand, this immediately shows that the best response correspondence 
(always in [0,1]) is not continuous, and points to the generic difficulty for existence 
of pure strategy equilibrium. Indeed, the best response to zero is positive and the 
best response to 1 is the usual optimal reserve price. Thus, if the best response 
correspondence were continuous it would cross the 450 line. As an example, Figure 1 

Best Response 

0.5I 

0.4. 

0.3 - 

0.2 / 

0.1 

_ / . . . r 
0 0.1 0.2 0.3 0.4 0.5 

FIGURE 1 

BEST RESPONSE CORRESPONDENCE FOR N = 2 AND F UNIFORM 
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IMPERFECT COMPETITION OF AUCTIONEERS 241 

shows the best response function for the uniform case with N = 2. In this case not 
even an asymmetric pure strategy equilibrium exists. The next proposition, however, 
shows that an equilibrium (in mixed strategies, perhaps) always exists, and also 
shows that what could be termed the 'Bertrand solution' will never be observed as 
an equilibrium outcome. That is, the use of reserve prices will not be precluded by 
'price' competition among the sellers. 

PROPOSITION 2. There exists a (mixed strategy) equilibrium for the sellers' game. 
Moreover, in any equilibrium the probability that a seller sets a reserve price of 0 is nil. 

PROOF. See the Appendix. 
As an illustration of these equilibria, we have calculated a discrete approximation 

of the symmetric mixed strategy equilibrium for the case of two bidders with 
uniform, independently distributed valuations on [0,1]. Figure 2 shows the probabil- 
ity distribution when the grid-size (in reserve prices) is 0.005. We can appreciate that 
practically all the probability mass is concentrated between the two images of the 
best response correspondence at its point of discontinuity (c.f., Figure 1), and that 
there is certainly no mass near zero. 

6. EXTENSIONS 

The preceding analysis has been carried out under the restriction that the sellers' 
choice set comprised only second price auctions with reserve prices. An open 
question is how general the results are when we consider larger choice sets. In fact, 
we will show that our results extend to the set of all quasi-efficient (as defined 
below) mechanisms. Does this mean that the set of second price auctions with 
reserve prices 'spans' the set of all mechanisms? The answer is no. That is, in 
general it is not true that for any mechanism there exists a second price auction with 
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THE SYMMETRIC MIXED STRATEGY EQUILIBRIUM FOR N = 2 AND F UNIFORM (WITH GRID-SIZE 0.005) 
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reserve price such that, when competing with any other mechanism, the seller 
obtains the same revenues in both (when competing against a second price auction 
with an entry fee, for instance, with only setting a reserve price the seller cannot 
mimic what she could obtain by setting a reserve price and an entry fee). 

Given a distribution of buyer valuations, F(-), we say that a mechanism is 
quasi-efficient if and only if it assigns the good to the bidder with highest valuation 
whenever bidder types are distributed according to F, any left truncation of F, or 
any other distribution function that is obtained from one such truncation in which 
probability mass is doubled between the truncation point and some other higher 
value. In other words, a mechanism is quasi-efficient if it assigns the good efficiently 
conditional on attendance decisions by buyers ('residual demand') as the ones 
obtained under second price auctions with reserve prices. The mechanism satisfies 
the condition for the problem at hand if under any of those buyer type configura- 
tions there is a strictly monotone bidding equilibrium strategy. First price auctions, 
with or without reserve prices, are examples of quasi-efficient mechanisms. If we 
limit attention to these mechanisms, then the equilibrium entry decisions are indeed 
as if two second price auctions with reserve prices were being used, as the next 
proposition states: 

PROPOSITION 3. Given any two quasi-efficient mechanisms, the (symmetric) equilib- 
rium enty decisions of the buyers are characterized by two cut off points, 0 < w <w2< 1. 
Buyers with valuations below w1 do not attend any sale. Buyers with valuations between 
w1 and W2 all select the same seller, while those with valuations above W2 visit each 
seller with equal probability. 

PROOF. Assume that the buyer with valuation 1 expects higher profits in one of 
the mechanisms, say 1. Then it must be the case that all buyer types strictly prefer 
seller l's mechanism to the competing one. To see this, assume otherwise. Let 
y = sup{x s.t. 112(x) ? H1l(x)}. Note that, by the continuity of the expected payoffs,"1 
y < 1. Let Pi(v) be the probability that a buyer with valuation v wins in mechanism 
i. Now, observe that 

I (My) = 1(1) - |PA~X) dX > 1( 1) - (1 - Y) > 112() - (1 - Y) 
y 

= 2(1) - f P2(X) dx= =20)) 

where the penultimate equality follows from the fact that, by definition of y, no 
buyer with valuation above y attends mechanism 2. This inequality implies a 
contradiction to the definition of y. 

The only remaining possibility is that f(1) = I12(1). Let z = sup{x s.t. 112(x) 0 

111(x)}. Since HI1 is continuously differentiable (there are no mass points of types, 

11 As a corollary of Lemma 2 in Myerson (1981; equation 4.3), incentive compatibility requires 
differentiability of the rents of a buyer. 
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hence the probability of winning in an efficient mechanism has to be differentiable 
and therefore continuous), there exists an e > 0 such that the rents in one of the 
mechanisms is higher for all types between z - e and z, say 11(v) > 112(v). Then, 
first, it must be the case that almost all buyer types in (z, 1] randomize between the 
two sellers with one half each. Indeed, if 111(v) = 112(v) on the interval (z, 1], this 
also means that the derivative of each of these two functions also coincide (with 
probability 1). But the derivative of HIi(v) is Pi(v). That is, the probability that a 
buyer of type x wins the object has to be the same in each mechanism for any x in 
(z, 1]. This can only be the case if (almost) all types of buyers in the interval mix with 
probability 1/2. Second, we show that for (almost) all v < z, 111(v) > 112(v). Indeed, 
assume otherwise and let y be the sup{x <z s.t. 112(x) = H11(x)}. Apply the same 
argument as we used for the case I1(1)> 112(1), knowing that P1(z) = P2(z), to 
obtain a contradiction again. 

The last thing to prove is that if a buyer with valuation v attends some auction 
then a buyer with valuation v' > v also attends some auction, which is trivial since v' 
can always imitate what v does, expecting positive rents. Q.E.D. 

Given this result, and making full use of Myerson's revenue equivalence results 
again, it is simple to see that a solution 'a la Bertrand' cannot be an equilibrium in 
this class of mechanisms: 

PROPOSITION 4. A pair of mechanisms that induce entry decisions characterized by 

w1 = W2 = 0 (and give zero rents to a buyer with the lowest valuation) cannot constitute 
an equilibrium for the sellers in the class of all quasi-efficient mechanisms. 

PROOF. The proof is again a simple application of the revenue equivalence 
principle of Myerson (1981). Assume both sellers are using mechanisms such that 
the good is sold whenever a buyer attends the auction, and guarantee zero rents to 
the lowest valuation type. Then the rents of everybody are exactly as if sellers were 
using second price auctions with zero reserve price. Now, assume seller 2 deviates 
and chooses indeed a second price auction with reserve price r2. Assume that the 
entry decisions of the buyers are characterized by w1 = 0 and w2 = w(O, r2), this last 
as defined by equation (1), as if they had to choose between two second price 
auctions with reserve prices 0 and r2. Then a buyer with valuation equal to w(O, r2) 
visiting seller 2 expects rents 

1-2 = (w(0, r2) 
- 

r2) I[ F(w(O, r2))] 

That is, the same rents as if seller 1 were using a zero reserve price, second price 
auction. If this is true, then the profits for seller 2 are also as if competing against a 
zero reserve price, second price auction: the surplus is the same and the rents for a 
buyer are also the same since the probability to obtain the object are the same for 
each type and a type, w(O, r2), makes the same rents in both auctions. 

All we have left to show is that the unique buyers' equilibrium is indeed 
characterized by w1 = 0 and w2 = w(O, r2). But this is a trivial corollary to Proposi- 
tion 3 since, again, the rents for each type in each auction are the same as in the 
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case of two second price auctions with reserve prices, respectively, 0 and r2 (using 
here the fact that type 0 in auction 1 gets rents 0). Q.E.D. 

7. CONCLUDING REMARKS 

We have analyzed a model of auction competition through reserve prices. We 
show that this competition among sellers does not take reserve prices to zero. In 
equilibrium, reserve prices are positive with probability one. This is so because the 
equilibrium choice of seller by the potential buyers has the important characteristic 
that it is continuous in the reserve prices. That is, in contrast with other models of 
strategic price competition, the response of demand to changes in prices (if we 
interpret reserve prices as prices) is smooth enough. First, this explains that 
undercutting of each other's reserve prices does not necessarily occur in auction 
competition. This very continuity of the buyers' equilibrium, together with our result 
that the sellers' equilibrium is not competitive, is a further illustration of Benassy's 
(1986) theory, that in order to obtain the Walrasian allocation in a market game the 
outcome function must be discontinuous at the equilibrium. Second, it also explains 
that in our case existence of equilibrium is guaranteed (by Glicksberg's theorem). 

There is another facet to the divergence of a model of auction competition from 
oligopoly models of price competition. The continuity of the 'residual' demand with 
respect to reserve prices comes from the fact that, for high enough valuations, 
buyers mix between sellers when deciding which auction to attend, even when 
reserve prices are different. Then, a change in the lowest reserve prices not only has 
the effect of substituting the seller for a 'marginal' buyer (that is, the option not to 
sell for a sale made at exactly the reserve price), but it also alters the selection of 
high valuation buyers in the auction. Consequently, we can no longer appeal to 
simple economic arguments 'a la Bulow and Roberts (1989), to derive the optimal 
selling strategies. A further 'bad' consequence is that it prevents us from using 
known simple methods, like the one used by Shubik and Levitan (1980), to compute 
the (mixed strategy) equilibria. 

APPENDIX 

First, we show that the profits of the higher reserve price seller are increasing in 
her reserve price at r2 = r, = 0. Note that these profits can be written as 

R2(rl,r2)=N(N-1)f 2 2 2) 

1 - F(w) 1 ?F(W) 2 2 ) 2 ) 

An intuitive, heuristic argument to show that this is increasing in r2 at r2 = r, = 0 
can be made by substituting equation (1) in this expression to write the profits for 
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the seller in terms of r1 and w. This is: 

912(r1 = 0, w) = N(N- 1) 
- 

W) xf(x) 
) 

( x)- 
1 

) dx 

1 f(x) I1-F(x> I1?F( X)\ 
+N(N- 1) x 2{ 2 ) ( )dx) 

The first (right) derivative of this function with respect to w is zero when evaluated 
at (0,O), whereas the second (right) derivative is positive. Moreover, w is increasing 
in r2. That is, as r2 increases w increases too, and an (nonnegligible, since we are 
talking about second-order effects) increase in w induces higher profits for the 
seller. Of course, the twist is that one needs nonnegligible increases in w, and we are 
talking about small increases in r2. Therefore, the key for the result is that the 
derivative of w with respect to r2 tends to infinity as we approach r2= 0. Formally, 
differentiate R2(0, r2) with respect to r2: 

dR2(0, r2) dR2(0, 2) dR2(0, r2) dw 

dr2 8 92 dw dr2 

The first term in the right-hand side tends to N(1/2)N as r2 tends to zero. The limit 
of the second term is of the form 0/0. In order to compute the value of this limit, 
write the expression in terms of w, using equation (1). Since w is a continuous 
monotone function of r2 that tends to zero as r2 tends to 0, the limit of the second 
term as r2 tends to 0 is the same as its limit when w tends to zero. Applying 
l'Hopital's rule, we obtain that this limit is - [N/(N - 1)](1/2)N. Therefore, the 
limit of the expression above when r2 tends to zero is positive. Q.E.D. 

Next, we prove Proposition 2: 

PROPOSITION 2. There exists a (mixed strategy) equilibrium for the sellers' game. 
Moreover, in any equilibrium the probability that a seller sets a reserve price of 0 is nil. 

PROOF. Existence is guaranteed by Glicksberg's theorem, since the sellers' 
pay-off functions are continuous in the strategic variables (reserve prices), which 
moreover have a convex and compact support. We now show that in equilibrium no 
seller puts positive weight on r = 0. To do this we will argue that there exists some 
8 > 0 such that the player strictly prefers to put positive weight on 8 to putting it on 
zero. 

We start by noting that 

dRA(0,r2) _ 8R1(0,r2) 
I 

8R1(0,r2) dw >O 
dr1 dr1 Ow dr1 

for all r2 > 0, and (see above) lim,_ 0 dR2(0, r2)/dr2 > 0 too. 
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Now consider how the profits of the seller change when switching probability mass 
from r = 0 to r = 8. That is, 

EGJ R( ?, r) -R(O, r)] 

where the expectation is taken with respect to the mixed strategy, G, of the 
competitor (a probability function on r), and R(x, y) represents the profit of the 
seller when she is setting the reserve price equal to x and the competitor sets the 
reserve price equal to y. Then 

lim -EG[ R(8, r) -R(O, r)] = ) R -R2(00)] 

+[1-G(8)]EG[R1(er-)-R1(0 ,r) 1 82] + f8[R2(r, 8) -R(0, r)] dG*(r) 

where G*(r) is G(r) - 8 and 8 is the (possibly zero) weight put by the other seller 
at zero. As ? tends to zero, 1 - G(e) tends to 1 - 8, and since lim,2 H O8R2(0, r2)/8r2 
and 8R1(0,7 2)/8rj are both positive (and both R2 and 8R1(0,, 2)/8r1 are continu- 
ous in the second argument), the first and second terms above are positive (one of 
them strictly so). Now, we show that a lower bound for the third term, if negative, 
approaches zero as 8 tends to zero. We will indeed show that 

1 , - 
lime o ? - R2(r. 8)- R1(0, r)] dG*(r) ? 0. 

80 

First, note that R2(r, 8) - R1(0, r) ? R2(0, )- R1(0, 8) for all r < 8, since R2(r, 8) 

? R2(0, 8) and R1(O, r) < R1(O, 8). Then, 

fO8[R2(r,8) -R1(?,r)] 
dG- 

(r) ? [R2(?, 8)-R1(?, ?)]f dG*(r). 00 

But 

RJ(0,8) -R l(0,8)=8N1 
- 

(j)) F(j)) 

-NJ(N- 1) xf(x)1 -+F(x) 1 -F(w)) 
R2(0, ?) -R1(? ?) ?N) 2 

- 
2 

_ - ,Fw N-2A1 ,A 1 FW 
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where w represents w(O, ?). Now, from the definition of w(O, e), we have 

I1I Iv /-F(w) iN-2- 
?= _ _ N-1 (N- )xf(x) ( j +F(x)) dx. 

(1 +F(w) )N2(N 

2 

Therefore, 

-[R2(0,) -R1(O,e)] N 2( ) -1(I (_ 

and then, since limrn , fJ dG*(r) = 0, 

limeb- 0 ?0R2(r, 8) -R1(0,r)] dG*(r) ? -N(y) (lim lofdG*(r)) = 

as we wanted to show. Q.E.D. 
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